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What do we mean when we say “symplectic geometry”, or what does a random person
mean when he says he is a “symplectic geometor”? This name has been used to refer to
many completely different areas of research in the mathematics community, though there
does exist a group of people who claim they are really working on symplectic geometry,
and didn’t think other stuffs can be called this name at all.

This course, under the name “Introduction to Symplectic Topology”, aims to clarify
what we really mean by “Symplectic Geometry”, or “Symplectic Topology”, and to give
audiences a sense of what symplectic geometors regard as an interesting symplectic-
geometric problem.

During this fifteen-week (and a total of thrity lectures) course, we will first go through
the main storyline of symplectic geometry, and then turn to three selected topics by
the lecturer about some of the side stories. Unlike many other areas of research in
mathematics, the “main storyline” of symplectic geometry ended quickly, and the current
researches are like tangling vines growing out of the trunk. Any such finite selection of
topics will be therefore always biased, and we hope the three topics selected can be of
any help to the audiences.

Due to limitations of time, we are unfortunately unable to provide completely rigor-
ous proofs of everything, leaving only sketches and ideas of proofs, where audiences are
expected to fill in the remaining details themselves.

Oral Exam Patterns. During the lecture, there will be constantly practice questions
popped out to the audiences, and they will be the final list of questions that will be
(selectively) tested in the oral exam at the end of the course. There’ll be two types of
questions: basic ones, which consists of 50% of the total questions asked, which examinees
have to answer all the questions asked; topic-based ones, which will be marked with a
star (⋆) and consists of the remaining 50% of the total questions asked, where examinees
can choose which questions to answer before the exam. They will not be covered in
the lecture, but references will be provided and the examinees are expected to learn the
references and answer the questions correctly. Solutions to questions of this type will
already be inside the references provided, and examinees only need to understand the
given literatures.
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1. From Classical Mechanics

Classical mechanics focuses on motions of particles, where by Newton’s second law, the
accerleration of the motion of a particle is determined by the mass of the particle and
forces imposing on it.

(1a) Newton’s second law. Before we move forward, let’s make some conventions.
Particles will always move on a smooth manifold M of dimension m, which is called the
configuration space of the mechanical system.
1.1 Definition. Let M be a smooth manifold. A Riemannian metric on M is a
symmetric tensor g : TM ⊗ TM → R such that gq is positive definite for all p ∈M .

Riemannian metric in classical mechanics language is the choice of a metric, i.e. units
associated to relative positions and vectors, like meters per second (m/s) or Newton
(N = kg · m/s2). A Riemannian metric g on M enables us to define the length of a
tangent vector v ∈ TqM as

|v| :=
√
gq(v, v),

and similarly the inner product between vectors v and w on TqM as

⟨v, w⟩ := gq(v, w).

Suppose that γ : [a, b] → M is the trajectory of a particle moving on the configuration
space M , then its velocity is the tangent map Tγ : T [a, b] → TM , or equivalently, section
of the vector bundle

γ∗TM ⊗ T [a, b] ∼= γ∗TM → [a, b]

given by t 7→ (γ(t), γ̇(t)). The Riemannian metric g induces a canonical decomposition
TTM ∼= TM ⊕ TM , so that Tγ induces a further tangent map T 2γ : T 2[a, b] → T 2M
which we write as T 2γ(t) = (γ(t), γ̇(t), γ̇(t), γ̈(t)). The vector γ̈(t) ∈ TqM is called the
acceleration of the movement of particles.

Newton’s first law of motion states that if there’re no forces imposing on a particle,
then γ̈(t) ≡ 0, i.e. the particle will move with constant velocity on M , and with the
Riemannian metric g imposed, we know that this has to be the geodesic of M with the
given initial velocity.

Newton’s second law proposes that the force is the change of motions, and should
hence be proportional to the acceleration and the mass of the particle. Assume that the
particle has mass 1, and let (γ, τ) : (a, b) → TM be any curve where particles are moving
on, then Newton’s second law can be reformulated into the following:
1.2 Proposition (Newton’s Second Law).{

γ̇(t) = τ(t)

τ̇(t) =
1

m
F (γ(t), τ(t))

where F : TM → TTM → TM is a section with respect to the projection TTM ∼=
TM ⊕ TM → TM to the orthogonal complement of the horizontal distribution TqM ↪→
T hM → TM over TM . Recall that for ordinary differential equations ẋ(t) = f(x(t))
with f smooth, the existence and uniqueness of solutions are always guaranteed:
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1.3 Theorem ([Lee13], page 664). Suppose U ⊆ Rn open and f : U → Rn a smooth
vector-valued function. For the initial value problem

ẋ(t) = f(x(t)),
x(t0) = x0

for arbitrary t0 ∈ R and x0 ∈ U , there exists an open interval I ⊆ R containing t0 and
an open subset U0 ⊆ U containing x0 such that for each x ∈ U0, there is a C1-map
x : I → U solving this initial value problem. Moreover, any two such solutions agree on
their common domain.

If θ : I ×U0 → U is the map θ(t, y) = x(t), where x(t) solves the differential equation
with initial condition x(0) = y, then θ is smooth.

In other words, any motion of particles, given the force function F : TM → Rm, is
completely determined by the position it starts with and the instantaneous velocity at
that position.
1.4 Example (Harmonic Oscillator). If the force is given by Hooke’s law, F (x) = −kx,
where k is a positive constant, then Newton’s law can be written as{

γ̇(t) = τ(t)

τ̇(t) = − k

m
γ(t)

On the space TM ∼= R2. The general solution of this system is x(t) = a cos(ωt)+b sin(ωt),
where ω :=

√
k/m is the frequency of oscillation.

Physically, this system can be described as a mass on a spring, where the force is pro-
portional to the distance x that the string is stretched from its equilibrium position. The
minus sign in −kx indicates that the force pulls the oscillator back toward equilibrium.
1.5 Example (The Kepler Problem). The classical Kepler problem describes the motion
of a planet around a star under the influence of gravity. The configuration space is
M = R3 \ {0}, and the force function is given by Newton’s law of universal gravitation:

F (q) = −GM
|q|3

q,

where G is the gravitational constant, M is the mass of the star, and q is the position
vector of the planet relative to the star. The negative sign indicates that the force is
attractive, pulling the planet towards the star. The solutions to this system are conic
sections (ellipses, parabolas, or hyperbolas) depending on the total energy of the system.
However, this system is not easily solved from directly from the ODEs, and we will revisit
this example later when we introduce some geometric techniques.

(1b) Hamilton formalism. Determination of the force function F : TM → Rm on
the whole tangent bundle TM is not practical in general, and we hope to have a simpler
and more handable way to determine the mechanical system. Let

L =
1

2
m|v|2 − V (q, v)

be the action of the mechanical system, where V : TM → R is called the potential
energy of the system. Physicists observe that
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1.6 Principle (The Principle of Least Action). Motions of particles should minimize the
action L : TM → R, i.e. if x = (q, v) : (a, b) → TM is the curve of motion of a particle,
then for any other curve y = (q′, v′) : (a, b) → TM with the same endpoints as x, we have∫ b

a

L (x(t)) dt ≤
∫ b

a

L (y(t)) dt.

The principle of least action determines for us the motion of particles, given by the
following Euler-Lagrange equation

∂L

∂qi
− d

dt

∂L

∂vi
= 0, i = 1, · · · ,m. (1)

The Hamilton formalism is an equivalent way to write down the system of motion from
not the action functional L, but from the energy function E, where

E(q(t), v(t)) =
1

2
mv(t)2 + V (q(t), v(t)).

This function is conserved along the trajectories of the system, i.e. assume that x =
(q, v) : (a, b) → TM is the curve of motion of a particle, we must have

d

dt
E (x(t)) =

〈
∂E

∂q
, q̇(t)

〉
+

〈
∂E

∂v
, v̇(t)

〉
= 0.

In fact, similar to the principle of least action, the energy function will completely de-
termine the motion of particles, if we replace velocity coordinates v by momentum coor-
dinates p = mv. Moments should be regarded as the dual of velocities, and the energy
function

E(q, p) =
1

2m
p2 + V (q) : T ∗M → R

can be regarded as a function defined on the phase space T ∗M of the system, which
geometrically is the cotangent bundle of the configuration space M . The system of
motions will be the following systems of ordinary differential equations{

q̇(t) = ∂E
∂p
(q(t), p(t))

ṗ(t) = −∂E
∂q
(q(t), p(t))

(2)

This is called the Hamilton’s system, and we can interchange between these two for-
malisms via Legendre transform.

(1c) Geometric structures of mechanics. The reason that we turn our attentions
to the Hamilton formalism and phase spaces is that the system of motions can be described
simply by a smooth function H : T ∗M → R, where the system of motions can be derived
from an intrinsic geometric structure of the phase space T ∗M .

(1c-i) Symplectic manifolds. We start with some slightly more general definitions,
introduced originally by Arnold [Ad78] to describe the intrinsic geometric structure of
classical mechanics.
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1.7 Definition. For a given vector space V , a symplectic structure on V is a non-
degenerate skew-symmetric bilinear form Ω: ∧2V → R. Let M be a smooth manifold. A
symplectic form on M is a closed and non-degenerate 2-form ω ∈ C∞(M,∧2T ∗M), i.e.
for each p ∈M , the bilinear form ω(p) : TpM×TpM → R is non-degenerate. A symplectic
manifold is a pair (M,ω) where M is a smooth manifold and ω is a symplectic form on
M .

It’s immediate from the definition that a symplectic manifold has to be even-dimensional.
Non-degeneracy of ω also induces an isomorphism ω : TM → T ∗M , which provides a bi-
jection between vector fields X ∈ C∞(M,TM) and 1-forms α ∈ C∞(M,T ∗M) on M .
1.8 Lemma. A vector field X on (M,ω) is called symplectic if LXω = 0; a vector field
X is symplectic if and only if the symplectic dual α(−) := ω(−, X) is a closed 1-form;
a vector field X is called hamiltonian if the symplectic dual α is an exact 1-form, i.e.
there exists a smooth function H : M → R such that α = dH. In this case, we call H the
hamiltonian of the hamiltonian vector field X.

Given a smooth function H : M → R, the vector field XH dual to dH is called the
hamiltonian vector field of H.

Proof. By Cartan’s magical formula we have

LXω = d(X⌟ω) +X⌟dω.

As ω is closed, LXω = d(X⌟ω) = dα is zero iff dα = 0, i.e. α is a closed 1-form.

Note that the flow ϕtH of a hamiltonian vector field XH provides a smooth family of
symplectomorphisms ϕtH : M →M for t ∈ R.
1.9 Definition. We write Symp(M,ω) for the group of symplectomorphisms of (M,ω),
and Ham(M,ω) for symplectomorphisms of M which are time 1 flow of some one-
parameter family of hamiltonian vector fields {XHt}t∈[0,1] for some time-dependent Hamil-
tonians {Ht}0≤t≤1.
1.10 Remark. Though we only verify that for a single Hamiltonian H : M → R,
the hamiltonian vector field XH integrates to a smooth family of symplectomorphisms
ϕtH : M →M , this is also true for time-dependent hamiltoniansHt : M×[0, 1] → R, where

the flow ϕtHt
: M →M is defined as the family of diffeomorphisms such that

d

dt
ϕtHt

= XHt

for each t.
Ham(M,ω) is not only a subset of Symp(M,ω) but actually a normal subgroup, as

we will prove in the next Proposition.
1.11 Proposition. Let ϕ, ψ be Hamiltonian diffeomorphisms generated by time-dependent
Hamiltonians Ht, Gt, then

1. The composition ϕ◦ψ is a Hamiltonian diffeomorphism generated by Ht+Gt ◦ϕ−1.

2. ϕ−1 is a Hamiltonian diffeomorphism generated by −Ht ◦ ϕ.

3. For any symplectomorphism χ ∈ Symp(M,ω), the conjugation χ−1 ◦ ϕ ◦ χ is a
Hamiltonian diffeomorphism generated by Ht ◦ χ.
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Proof. We only prove the first statement as a proof pattern. The reader can verify the
remainings themselves. We write ϕt and ψt for the Hamiltonian flows generated by the
given Hamiltonians, then by taking derivatives, we have

d

dt

∣∣∣∣
t

(
ϕt ◦ ψt

)
= XHt ◦ ϕt ◦ ψt + (ϕt)∗XGt ◦ ψt = XHt ◦ ϕt ◦ ψt +XGt◦ϕ−1 ◦ ϕt ◦ ψt,

which concludes that ϕ◦ψ is a Hamiltonian diffeomorphism generated byHt+Gt◦ϕ−1.

(1c-ii) “Physical phase space”. Symplectic manifolds should be regarded as gen-
eralizations of the notion of phase spaces introduced beforehand, where we don’t require
the manifold M to be diffeomorphic to the cotangent bundle of some other smooth mani-
folds. In this paragraph, we will focus on “physical” phase spaces, i.e. cotangent bundle of
smooth manifolds, to see the role that symplectic structures play in classical mechanics.
1.12 Example. Before introducing general symplectic structures on physical phase spaces,
let’s look at the simplest example of symplectic manifolds: the symplectic space (R2n, ωstd)
where ωstd :=

∑n
i=1 dqi ∧ dpi is the standard symplectic 2-form on R2n with coordi-

nates (q1, p1, · · · , qn, pn), regarding (qi) as the position coordinates and (pi) as the mo-
mentum coordinates. Given any smooth function H : R2n → R, we can compute that

dH =
n∑
i=1

∂H

∂qi
dqi +

∂H

∂pi
dpi, and hence the Hamiltonian vector field is given by

XH =
n∑
i=1

(
−∂H
∂pi

∂

∂qi
+
∂H

∂qi

∂

∂pi

)
.

Therefore an integral curve γ(t) = (q1(t), p1(t), · · · , qn(t), pn(t)) of −XH is a solution of
the system of ODEs {

q̇i(t) = ∂piH(q(t), p(t)),
ṗi(t) = −∂qiH(q(t), p(t)),

with given initial condition γ(0) = (q1(0), p1(0), · · · , qn(0), pn(0)). This is exactly the
Hamilton’s system we have described, and therefore describes the motion of particles in
the mechanical system determined by H.

Now let’s provide a general construction of symplectic structures on physical phase
spaces, T ∗M , for any smooth manifold M . We start with a canonical differential 1-form
defined on cotangent bundles:
1.13 Definition. The tautological 1-form λtau on T ∗M is the differential 1-form in
C∞(T ∗M,T ∗T ∗M) such that for all differential form α ∈ C∞(M,T ∗M), regarded as a
section of the cotangent bundle T ∗M , we have α∗λtau = −α.

Unfolding the definition, we see for each pair (q, p) ∈ T ∗M , we have (λtau)(q,p) = −pdq,
and therefore ωstd := dλtau defines a symplectic structure on T ∗M .
1.14 Definition. In T ∗M , there is a notable canonical vector field Z ∈ C∞(T ∗M,TT ∗M),
called the Liouville vector field, which is the dual vector field of the tautological 1-form
λtau. By Cartan’s magical formula we quickly see that LZωstd = ωstd, which is not
symplectic but exponentially scales the symplectic form ωstd.
1.15 Example. Let’s revisit the harmonic oscillator. The energy function/hamiltonian
for the harmonic oscillator is given by

H(q, p) =
1

2m
p2 +

1

2
kq2 : T ∗R → R,
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and we can therefore write down the system of motions as{
q̇(t) = ∂pH(q(t), p(t)) = 1

m
p(t),

ṗ(t) = −∂qH(q(t), p(t)) = −kq(t).

This is exactly the same system of ODEs we have written down before, and therefore
describes the same motion of particles in the harmonic oscillator system.
1.16 Example. Let’s also look at the Kepler problem. The energy function/hamiltonian
for the Kepler problem is given by

H(q, p) =
1

2m
p2 − GM

|q|
: T ∗(R3 \ {0}) → R,

and we can therefore write down the system of motions as{
q̇(t) = ∂pH(q(t), p(t)) = 1

m
p(t),

ṗ(t) = −∂qH(q(t), p(t)) = − GM
|q(t)|3 q(t).

This is exactly the same system of ODEs we have written down before, and therefore
describes the same motion of particles in the Kepler problem.

(1c-iii) Integrable systems. From the previous discussions, it’s clear that classical
mechanical systems can be completely described by a smooth function H : M → R on
a given symplectic manifold (M,ω), where the symplectic structure ω plays the role of
an “intrinsic mechanical structure” that turns a smooth function up to transition (initial
energy) into a system of motions where the function describes the energy of the system.
Moreover, if we allow initial conditions of the system of motions to vary on M , solving
system of motions is equivalent to determining the hamiltonian flow ϕtH : M →M of the
hamiltonian vector field XH of H, and when XH is complete (true if in particular M is
compact), ϕtH is a well-defined family of symplectomorphisms of M for all t ∈ R.

Solving this system of motions is however still difficult in general, as we need to
consider all possible initial conditions, and the behaviour of the integral curve under
different initial conditions can be drastically different. In this section we introduce one
way to simplify the computations, which probably also appeared in some previous courses
that audiences have taken, originally called first integrals.
1.17 Definition. Given a system of motions γ̇(t) = XH(γ(t)) on a symplectic manifold

(M,ω), a smooth function G : M → R is a conserved quantity if
d

dt
G(γ(t)) = 0 for all

solutions γ(t) of the system.
In particular, the Hamiltonian H itself is a conserved quantity. Using our symplectic

geometric formulation, we have a more “geometric” description of conserved quantities.
Recall that given two vector fields X,Y of a smooth manifold M , the Lie bracket [X, Y ]
of X and Y is the vector field [X,Y ] = XY − Y X, regarded as an action on the space of
smooth functions on M .
1.18 Definition. Let G,K : M → R be smooth functions on a symplectic manifold
(M,ω). We define the Poisson bracket of G and K to be the smooth function

{G,K} := ω(XG, XK).

1.19 Proposition. X{G,K} = −[XG, XK ].
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Proof. Note that

d{G,K} = d (XK⌟XG⌟ω) = LXK
(dG) =

d

dt

∣∣∣∣
t=0

(
ϕtXK

)∗
dG,

while on the other hand,

([XG, XK ])⌟ω =

(
d

dt

∣∣∣∣
t=0

XK◦ϕtXG

)
⌟ω =

d

dt

∣∣∣∣
t=0

(
ϕtXG

)∗
dK = − d

dt

∣∣∣∣
t=0

(
ϕtXK

)∗
dG,

and we conclude that d{G,K} = −([XG, XK ])⌟ω.

1 Exercise. Show that G is a conserved quantity for H if and only if {G,H} = 0.

It’s clear that

2 Exercise. Let G be a conserved quantity for H, then any integral curve of the
hamiltonian vector field XH lies on the level set G−1(c) for some real number c.

Therefore if we can find a conserved quantity G for H, we have a constraint for the system
of motions determined by H: it has to lie on one of the real codimension 1 hypersurfaces
{G(x) = c}. Moreover, note that the hamiltonian flow ϕtG of G also preserves the level
set {G = c}, we can take a further quotient of {G = c} by identifying trajectories of
XG, which, when c is a regular value of G and ϕtG acts freely, gives us a smooth manifold
M//cG of dimension 2n − 2, which inherits a symplectic structure from M . As the
quotient by orbits of XG preserves values of the hamiltonian H, the function H : M → R
also descends to a smooth function H̄ : M//cG → R, and therefore we have reduced
the problem of finding solutions to the system of motions on M to finding solutions to
the system of motions on M//cG, which is a symplectic manifold of 2-dimension lower.
This process partially solves the equation in some sense, and if we can find n conserved
quantities G1, · · · , Gn such that {Gi, Gj} = 0 for all i, j, then we are able to reduce the
system of motions to a system of motions on a manifold of dimension 0, and therefore
obtain a complete description of the system via these conversed quantities.
1.20 Definition. Under this assumption and further assume that the hamiltonian
flows ϕtGi

of the convserved quantities are defined for all t, then we call the collection
{G1, · · · , Gn} of conserved quantities a completely integrable system on M .

Note that each Gi : M → R provides a natural R-action on M by the hamiltonian
flow ϕtGi

: M → M , and as [XGi
, XGj

] = 0 for all i, j, the n-tuple (G1, · · · , Gn) induces
a natural Rn-action on M by the hamiltonian flows x 7→ ϕt1G1

◦ ϕt2G2
◦ · · · ◦ ϕtnGn

(x) for
t = (t1, · · · , tn) ∈ Rn and x ∈ M . Moreover, the map (G1, · · · , Gn) : M → Rn is Rn-
equivariant, where Rn acts trivially on the base.
1.21 Theorem (Little Arnold-Liouville Theorem). Let (G1, · · · , Gn) : M → Rn be a com-
pletely integrable system and σ : Rn ⊇ U →M a smooth map such that (G1, · · · , Gn) σ(c⃗) =
c⃗, then all orbits of σ(c⃗) under the Rn action are diffeomorphic to Rk × T n−k for some
0 ≤ k ≤ n, where T n−k ∼= Rn−k/Λ is a torus of dimension n − k for some lattice
Zn−k ∼= Λ ⊆ Rn−k.
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Proof. It suffices to look at the stabilizer of the Rn-action on a given point σ(c⃗). The
existence of σ implies that the differential of the map (G1, · · · , Gn) has full rank at σ(c⃗),
so that the hamiltonian vector fields {XG1 , · · · , XGn} have to be linearly independent
near σ(c⃗). Therefore the image Uε(0)σ(c⃗) of a very small open subset 0 ∈ Uε(0) ⊆ Rn

under the Rn-action has to be n-dimensional, hence an open neighbourhood of σ(c⃗) in
(G1, · · · , Gn)

−1(c) as the vector fields have to preserve the fibres. This implies that the
stabilizer subgroup Λσ(c⃗) at σ(c⃗) is discrete. Using the time of the hamiltonian flow ϕtiGi

of Gi as coordinates on Rn, we can identify the stabilizer subgroup Λσ(c⃗) with the period
lattice Λσ(c⃗) =

{
(t1, · · · , tn) ∈ Rn

∣∣ϕt1G1
◦ · · · ◦ ϕtnGn

σ(c⃗) = σ(c⃗)
}
⊆ Rn. This concludes the

proof.

1.22 Lemma. Furthermore, if c is a regular value of G⃗ = (G1, · · · , Gn), then all connected
components of the fibre G⃗−1(c) are orbits of the Rn-action.

Proof. If c is a regular value of G⃗, then all the points on G⃗−1(c) are regular points of G⃗,
i.e. the differential dG⃗ has full rank. This implies that the Rn-action on any point x of
G⃗−1(c) provides an open neighbourhood of x in G⃗−1(c), so that an Rn-orbit is open in
G⃗−1(c). On the other hand, it’s nor hard to check that an Rn-orbit also has to be closed
in G⃗−1(c), and therefore it has to coincide with connected components of G⃗−1(c).

1.23 Example. Consider the harmonic oscillator, which under Hamiltonian formalism
is given by the smooth function H(q, p) = 1

2m
p2 + 1

2
kq2 on the symplectic manifold

(T ∗R, ωstd). Set for simplicity m = k = 1 so that H(q, p) = 1
2
(p2+q2), with corresponding

hamiltonian vector field XH = −p ∂
∂q

+ q ∂
∂p

. H is clearly a conserved quantity of this
system, and since dimR T

∗R = 2, H : T ∗R → R forms a completely integrable system.
Note that (0, 0) is a critical point of H, so that the regular values of H lie on the open
interval (0,+∞) ⊆ R, where fibres are of the form

H−1(c) =
{
(q, p) ∈ T ∗R

∣∣q2 + p2 = 2c
} ∼= S1.

The integral curve of XH is computed in Example 1.4: they are of the form γ(t) =
(a cos t + b sin t,−a sin t + b cos t) for some chosen constant a, b ∈ R. We assume further
that γ(0) = (

√
2c, 0) so that a =

√
2c and b = 0. It’s then clear that {γ(t)}t∈R covers the

whole fibre H−1(c), with relation γ(2π) = γ(0), and hence the period lattice at (
√
2c, 0)

is 2πZ ⊆ R. It’s not hard to check that the period lattices at any point of H−1(c), c > 0,
are all given by 2πZ.

q

p

0

Figure 1: The phase space of the harmonic oscillator, where fibres of H are circles and
the flow of XH is periodic with period 2π.
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As we can assign to each x ∈ M a period lattice ΛG⃗x in Rn, patching all the lattices
at each point of M provides us a subspace ΛG⃗ ⊆ Rn ×M . This subspace is often what
we refer to as the period lattice of the completely integrable system G⃗ : M → Rn.
1.24 Definition. The period lattice ΛG⃗ is standard if the projection ΛG⃗ → Rn is the
constant lattice 2πZn−k ⊆ Rn.

Assume that fibres of G⃗ : M → Rn are all regular and connected, then Lemma 1.22
implies that the Rn-action on M is transitive on each fibre, and hence the period lattice
ΛG⃗ descends to a subspace Λ

G⃗ ⊆ Rn×B over B := G⃗(M) ⊆ Rn whose fibre at each point

b⃗ ∈ B is a lattice Λ
G⃗

b⃗ ⊆ Rn.
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2. Flexibility: Moser’s Argument

The first classes of properties we saw about symplectic manifolds in history are closer to
smooth topology, which we now call flexibility properties. Such properties were originally
discovered by Moser [Mos65] for volume-preserving diffeomorphisms, whose arguments
were easily adapted to symplectic manifolds. Several results concerning flexibility prop-
erties of symplectic maifolds were then quickly discovered, for instance neighbourhood
theorems for symplectic and several special types of submanifolds of a given symplectic
manifold, where we can arrange so that the symplectic structure in this neighbourhood is
standard. As an outcome, there was a famous slogan which was probably known to many
of the readers: “Symplectic geometry has no local invariants” , comparing to Rieman-
nian manifolds where sectional curvatures obstruct us from establishing neighbourhood
theorems.

In this section we will go through Moser’s technique and prove several neighbourhood
theorems for symplectic manifolds. Before going into the details, let’s first have a look
at some natural “non-physical” phase spaces, which arises from the study of complex
manifolds.

(2a) Complex and almost-Kähler manifolds. Holomorphic geometry is not of
major concern in this course, but the shadow of complex geometry will keep arising during
the lecture, so let’s spend a little bit of time to introduce some of the basic definitions.
Readers who want to know more about complex geometry can go to D. Huybrechts
[Huy05] for help.
2.1 Definition. A complex manifold is defined very similarly to a smooth manifold,
where we look at a topological space M so that it’s locally diffeomorphic to Cn for some
uniform n, and the transition function between different local charts are required to have
complex linear differentials. Equivalently, they should all be holomorphic.

There is a special class of complex manifolds called Kähler manifolds, which are
complex manifolds M equipped with a “good metric”, i.e. a Riemannian metric g that is
compatible with the complex structure J on M in the sense that g(JX, JY ) = g(X, Y ) for
all vector fieldsX, Y onM . The Riemannian metric g together with the complex structure
J provides us a symplectic structure ω on M by the formula ω(X,Y ) = g(JX, Y ), which
is usually referred to the Kähler form of the Kähler manifold (M, g, J).
2.2 Example. The trivial example of the complex vector space Cn with the standard

symplectic structure ωstd =
n∑
i=1

dxi∧dyi =
√
−1

2

n∑
i=1

dzi∧dzi is clearly a Kähler manifold.

Let’s look at a non-trivial example. Consider the quotient space

CP n :=
(
Cn+1 \ {0}

)
/C×,

where the group C× acts on Cn+1 \ {0} by diagonal scalar multiplication. Recalling the
proof that RP n is a smooth manifold shows that CP n is a complex manifold of dimension
n, with canonical open cover

Ui = {[z0 : z1 : · · · : zn]|zi = 1} ∼= Cn.

The symplectic structure on CP n whose restriction to each Ui is given by

ωFS|Ui
:=

√
−1

2
∂∂ log

(
1 +

∑
j ̸=i

|zj|2
)
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is a Kähler form on CP n, called the Fubini-Study form on CP n.
Let’s look at the special case when n = 1. In this case we only have two charts

U1
∼= Cw and U0

∼= Cz with

ωFS|U0 =

√
−1

2
∂∂̄ log

(
1 + |w|2

)
=

√
−1

2
∂

wdw̄

1 + |w|2
=

√
−1

2

dw ∧ dw̄
(1 + |w|2)2

,

and similarly

ωFS|U1 =

√
−1

2

dz ∧ dz̄
(1 + |z|2)2

.

Inside U0 ∩ U1 = {[w : z]|w ̸= 0, z ̸= 0} ∼= C∗ where w is identified with z−1 under

this identification, we have ωFS|U0|U0∩U1 =

√
−1

2

dz ∧ dz̄
(1 + |z|−2)2

1
|z|4 =

√
−1

2

dz ∧ dz̄
(1 + |z|2)2

=

ωFS|U1|U0∩U1 , so that ωFS is well-defined on the whole CP 1 ∼= S2.
To compute the volume of P1, it suffices to restrict our attention to U0 ⊆ P1 as the

complement clearly has measure 0. We can then integrate directly to get∫
C

√
−1

2

1

(1 + |z|2)2
dz ∧ dz̄ =

∫ 2π

0

∫ ∞

0

r

(1 + r2)2
drdθ = π.

2.3 Example. LetM ↪→ CP n be a smooth complex manifold holomorphically embedded
into CP n, then the restriction of ωFS to M induces a Kähler form on M , which we still
call the Fubini-Study form on M .

There is then a natural question of comparing between symplectic and Kähler man-
ifolds, and the answer is clear: there’re much more symplectic manifolds than Kähler
ones, which we will repeatly learn during the lecture. However, any symplectic manifold
is automatically “almost Kähler”, which we will discuss a little bit now.
2.4 Definition. An almost complex structure on a smooth manifold M is a smooth
vector bundle endomorphism J : TM → TM such that J2 = − Id. A symplectic structure
ω on M is said to be compatible with the almost complex structure J if ω(JX, JY ) =
ω(X, Y ) for all vector fields X,Y on M , and g(X,Y ) := ω(JX, Y ) defines a Riemannian
metric on M . In this case, we call the triple (M,ω, J) an almost Kähler manifold.
2.5 Proposition. A symplectic manifold (M,ω) is always almost Kähler. In other
words, there exists an almost complex structure J on M which is compatible with ω.
Moreover, the space of such almost complex structures is contractible.

Proof. The proof roughly follows [Gro85]. For more details, see [AL94]. We first handle
the local case when M = R2n and ω = ωstd is the standard symplectic structure on R2n.
In this case, a linear almost complex structure is a matrix J ∈ End(R2n,R2n) satisfying
J2 = − Id and JTωstdJ = ωstd. Write J (R2n) to be the space of all complex structures
on R2n, and let J0 = ωstd be the standard complex structure, then we have
2.6 Lemma. The map J 7→ (J + J0)

−1 ◦ (J − J0) is a diffeomorphism from J (R2n) onto
the open unit ball in the vector space of symmetric matrices S such that J0S + SJ0 = 0.
Here the topology is given by the operator norm

∥S∥ = inf{c|ω(Sx, J0Sx) ≤ cω(x, J0x) ∀x}.

This readily implies that the space of linear complex structures on R2n is contractible.

14



For general manifold M , the tangent bundle TM →M is a symplectic vector bundle,
meaning the symplectic structure ωM provides a symplectic structure on each fibre TpM
for all p ∈ M . Therefore the space of complex structures J (TpM) on the vector space
TpM is contractible. By taking the space of linear complex structures on each tangent
space we get a fibre bundle J (M) →M over M , whose fibres are contractible by Lemma
2.6.

Fibre bundles over a smooth manifold M with contractible fibres always admit global
sections, and the space of sections are contractible. To show this, first note that M
admits a CW decomposition, so that we can extend sections inductively from 0-skeleton
to the top skeleton, by choosing arbitrary almost complex structures on each vertex, and
for edges connecting vertices, choosing any path connecting the corresponding almost
complex structures chosen on the vertex. We then see that obstructions to extending
sections from k-skeleton to (k+1)-skeleton come from homotopy groups of J (R2n), which
are trivial since it’s contractible. Therefore we always obtain a global continuous section
of J (M), which can be perturbed to be smooth due to approximation theorems [Hir76,
Theorem 2.2]. Isotopies between sections can be regarded as sections over the product
manifold M × [0, 1] with fixed boundary conditions, and the same argument applies. For
more details on obstruction theory, see [Whi78].

Let’s finish the proof of the lemma.

Proof of Lemma 2.6. This is proved by a direct verification. As J and J0 are all complex
structures, we have ω(x, (J + J0)x) > 0 if x ̸= 0, so J + J0 is invertible. Since g(x, y) :=
ω(x, Jy) defines a symmetric bilinear form, we must have (ωstdJ)

T = ωstdJ , while ωstd =
J0 satisfies J−1

0 = −J0. Therefore (J + J0)
−1 ◦ (J − J0) = (J−1

0 J + Id)−1 ◦ (J−1
0 J − Id) is

symmetric. Write S = (J+J0)
−1 ◦(J−J0) = (J−1

0 J+Id)−1(J−1
0 J− Id) = (A+Id)−1(A−

Id), then the fact that ∥S∥ < 1 is equivalent to ∥Ax − x∥2 < ∥Ax + x∥2 for all x ̸= 0.
Let’s check that

∥Ax+ x∥2 − ∥Ax− x∥2 = 4ω(x, J0Ax) = 4ω(x, Jx) > 0.

Therefore the image should satisfy ∥S∥ < 1. To verify the last identity, note that

ω(Sx, y) + ω(x, Sy) =
1

2
(ω((Id+S)x, (Id+S)y)− ω((Id−S)x, (Id−S)y)) ,

where ω((Id+S)x, (Id+S)y) = ω(2Ax, 2Ay) = 4ω(x, y) and ω((Id−S)x, (Id−S)y) =
ω(2x, 2y) = 4ω(x, y). Since this holds for all (x, y), by non-degeneracy of ω we have
SJ0 + J0S = 0.

Finally, for each symmetric S with given conditions we know that Id−S is invertible
so that

J = J0(Id+S) ◦ (Id−S)−1

defines an endomorphism of R2n. We can check that J2 = − Id, JTωstdJ = ωstd and
(Jω)T = Jω by direct computations, which we omit here.

However, the converse is not true. These are far away from what we want to discuss
in this course, so we will only give a brief overview. The existence of almost complex
structures on a general smooth manifold of even dimension has topological obstructions,
coming from the fact that with such an almost complex structure the tangent bundle
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TM is a complex vector bundle, so that its first Chern class c1(TM) ∈ H2(M ;Z) is
well-defined. When dimM = 4, there is an identity

⟨c21(TM), [M ]⟩ = 2χ(M) + 3σ(M),

where χ(M) is the Euler characteristic of M and σ(M) is the signature of M . It was
further proved that
2.7 Theorem (Wu [Wu52]). Homotopy classes of almost complex structures on a smooth
manifold M of dimension 4 are in one-to-one correspondence with the elements c ∈
H2(M ;Z) lifting w2(TM) ∈ H2(M ;Z/2) and such that ⟨c2, [M ]⟩ = 2χ(M) + 3σ(M).

In the same paper of Wu [Wu52], he also constructed an almost complex structure on
the 6-sphere S6, and showed that the only even-dimensional spheres that can have almost
complex structures are S2 and S6.

3 Exercise. Show that S6 is not a symplectic manifold.

Hint: a symplectic structure is a priori a closed 2-form. Look at the de Rham cohomology
of S6.

Therefore S6 is an example of an almost complex manifold that is not almost Kähler.
There’re also obstructions from upgrading any almost Kähler manifold to a Kähler

manifold, which is provided by the Nijenhuis tensor [NN57, Che55]

N(X,Y ) = [X,Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ]

for vector fields X,Y ∈ C∞(M,TM), which can be regarded also as failures of J being
parallel with respect to the Levi-Civita connection of the metric g(X, Y ) = ω(JX, Y ).
The theorem of Newlander-Nirenberg [NN57] showed that whenever the Nijenhuis tensor
vanishes, we can find an integrable complex structure on M making M into a Kähler
manifold.

(2b) Moser’s isotopy. Now we step into flexibility theorems for symplectic man-
ifolds. The proof patterns are similar so we will only go through a few proofs and the
remainings are left as exercises.
2.8 Proposition. LetM be a smooth even-dimensional manifold andQ ⊆M a compact
submanifold. Assume that ω0 and ω1 are two symplectic forms on M such that ω0|Q =
ω1|Q and [ω0] = [ω1] ∈ H2(M ;R), then there exists open neighbourhoods Nbd0(Q) and
Nbd1(Q) of Q in M and a diffeomorphism ψ : Nbd0(Q) → Nbd1(Q) such that ψ∗ω1 = ω0

and ψ|Q = IdQ.

Proof. As Q is a closed smooth submanifold of M , the restriction i∗TM → Q of the
tangent bundle of M to Q under the inclusion i : Q ↪→ M contains TQ as a subbundle,
with quotient NMQ = i∗TM/TQ. Pick a Riemannian metric on M so that NMQ can be
embedded back into i∗TM as the orthogonal complement of TQ.

Under the Riemannian metric, for each q ∈ Q, the exponential map [Cha93, Theorem
I.3.2] expq : TqM → M determines a diffeomorphism from an open neighbourhood of
q in TqM to an open neighbourhood of q in M , whose restriction to TqQ has image
in Q. With local coordinate charts of M subordinate to the embedding Q ↪→ M , we
can see that exp⊥ : NMQ → M sending (NMQ)q via expq to M is smooth. Since expq
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is a diffeomorphism onto its image in an open neighbourhood of q, we can also check
that exp⊥ is a diffeomorphism from an open neighbourhood of Q ↪→ NMQ to an open
neighbourhood of Q ↪→M .

We can therefore pull back the symplectic structure ω0 and ω1 to an open neighbour-
hood of Q in NMQ, which by abuse of notations still denoted by ω0 and ω1. Consider
the family ωt = tω1 + (1 − t)ω0, then ωt is a family of symplectic forms in an open
neighbourhood of Q in NMQ with [ωt] = [ω0] = [ω1] for all t ∈ [0, 1].

We look for family of diffeomorphisms {ψt : NbdNMQ(Q) → NMQ}0≤t≤1 such that
ψ0 = Id, ψt|Q = Id and ψ∗

tωt = ω0 for all t ∈ [0, 1]. Differentiating the equation ψ∗
tωt = ω0

with respect to t, we get

ψ∗
t

(
d

dt
ωt + LXtωt

)
= 0,

where Xt is the derivative of the diffeomorphism ψt with respect to t, or in other words
the vector field dψt(∂/∂t) regarding ψt : NbdNMQ(Q) × [0, 1]t → NMQ as a map on the
product. Therefore we must have

d

dt
ωt + LXtωt = 0.

By Cartan’s magical formula, LXtωt = d(Xt⌟ωt)+Xt⌟dωt = d(Xt⌟ωt) := dσt and
d

dt
ωt =

ω1 − ω0. As [ω1] = [ω0], the derivative ω̇t = ω1 − ω0 is exact and hence this equation has
a solution σt.

However, it’s a problem whether this σt can be chosen to satisfy σt|Q = 0, and we
provide here a direct construction via integration over fibres. Consider a family of maps
ψt : NMQ× [0, 1] →M given by

ψt(q, v) = exp⊥
q (q, tv),

then for a chosen neighbourhood NbdNMQ(Q), ψt is a diffeomorphism onto its image
whenever t ̸= 0, and ψ0 contracts NbdNMQ(Q) to Q. Up to identifying a neighbourhood
of Q with an open subset of M , we also get ψ1 = Id. Therefore we can compute that
(ψ1)∗(ω̇t) = ω̇t and (ψ0)∗ω̇t = 0. Cartan’s magical formula implies that

d

dt
(ψt)∗ω̇t = (ψt)∗ (LXtω̇t) = d

(
(ψt)∗(Xt⌟ω̇t)

)
= dσt,

where σt := (ψt)∗(Xt⌟ω̇t) is a family of 1-forms determined by the vector field Xt =(
d

dt
ψt
)

◦ ψ−t is smooth in t. Though Xt is not defined at t = 0, but we can check

directly that σt is still smooth for t ∈ [0, 1]1. Now by Newton-Leibnitz formula,

ω̇t = (ψ1)∗ω̇t − (ψ0)∗ω̇t =

∫ 1

0

d

dt
(ψt)∗ω̇tdt =

∫ 1

0

dσtdt = d

(∫ 1

0

σtdt

)
= dσ,

with σ|Q = 0. Since ωt is non-degenerate, σ induces a unique smooth vector field Xt so
that σ = Xt⌟ωt. As σ|Q = 0, we have Xt|Q = 0, and hence the flow ϕtXt

of Xt restricts to
identity on Q for all t ∈ [0, 1], with ϕ0

Xt
= Id and (ϕ1

Xt
)∗ω1 = ω0 as discussed.

Note that the flow ϕ1
Xt

is not defined everywhere in NbdNMQ(Q), but as ϕtXt
(Q) = Q,

we can choose a smaller neighbourhood Nbd0(Q) of Q in NMQ such that ϕ1
Xt

is well-
defined, and write the image of ϕ1

Xt
as Nbd1(Q). This is the desired diffeomorphism.

1We need a computation of differential of exponential maps along radial vectors, and the result is
simple. See any Riemannian geometry books, e.g. [Cha93].
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Set Q to be a point, then we get the famous Darboux neighbourhood theorem
2.9 Theorem (Darboux). Let (M,ω) be a symplectic manifold and p ∈ M any point,
then there exists an open neighbourhood p ∈ U ⊆M of p in M , an open neighbourhood
0 ∈ U ⊆ R2n of the origin in R2n and a diffeomorphism ψ : U → V such that ψ∗ω = ωstd

and ψ(p) = 0.

4 Exercise. Prove Darboux’ theorem directly without referring to Proposition 2.8.

This procedure of finding diffeomorphisms from constructing dual vector fields originated
from Moser’s work [Mos65], and this approach can be found in the great book of McDuff-
Salamon [MS17]. Another application of Moser’s argument shows that symplectic struc-
tures on compact symplectic manifolds are completely determined by their cohomology
classes H2

dR(X;R).
2.10 Theorem. Let M be a compact smooth manifold of dimension 2n and {ωt}0≤t≤1

be a smooth family of cohomologous symplectic forms on M , then there exists a family
of diffeomorphisms {ψt : M →M}0≤t≤1 such that (ψt)∗ωt = ω0 for all t ∈ [0, 1].

Proof. We omit the procedure of running Moser’s argument, and it suffices for us to check
that there exists a smooth family of 1-forms σt such that ω̇t = dσt. To achieve this, we
consider an open cover of M where any of the finite intersections can be identified with
an open subset of R2n [BT82, Theorem 5.1], and pick a partition of unity subordinate
to this open cover so that we can assume the two-forms ω̇t are supported in a compact
subset in R2n. We can then pick a point p inside the support and run the integration
over fibres as in Proposition 2.8 to get a smooth family of 1-forms σt such that ω̇t = dσt.2
For two such charts U, V we can find two a priori different families of 1-forms σUt and σVt ,
but they differ in U ∩ V by a family of exact 1-forms, so we can run the integration over
fibres again to get a correction family of exact 1-forms σUVt such that σUt − σVt = σUVt ,
and therefore by adding this 1-form to one of the two families we get a family of 1-forms
σt defined on the union U ∪ V . We can therefore get a global 1-form σt defined on M by
induction.

(2c) Special submanifolds. After introducing the basics of Moser’s argument, let’s
look at its effectivity by proving several neighbourhood theorems for certain special type
of submanifolds of a given symplectic manifold (M,ω).
2.11 Definition. A smooth submanifold N ⊆ M of a symplectic manifold (M,ω) is
symplectic if the restriction ω|N is a symplectic structure on N .

A vector bundle E → N is a symplectic vector bundle if there exists a smooth
family of non-degenerate skew-symmetric bilinear forms ωp : Ep × Ep → R for all p ∈ N .

In particular, a symplectic structure on M induces a symplectic structure on the
tangent bundle TM , so the restriction TM |N of the tangent bundle of M to N is a
symplectic vector bundle over N , whose subbundle TN ↪→ TM |N is also symplectic.
2.12 Definition. The symplectic orthogonal complement TNω of TN in TM |N is called
the symplectic conormal bundle of N in M . It’s clear that (TN)ω is also a symplectic
vector bundle over N .

2Note that the 1-forms σt are timewise provided by integrations with respect to the exponential maps,
and the smooth dependence on t can be checked directly from the formula.
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Writte π : TNω → N be the bundle map, and write ωN = ω|N and Ω = ω|TNω be
the restricted symplectic structures from M and TM to N and TNω respectively, then
we can check that π∗ωN + Ω defines a symplectic structure on the total space of the
symplectic conormal bundle TNω, which we write as ωTNω .

5 Exercise. Prove the following neighbourhood theorem: for N ⊆ M a compact
symplectic submanifold, there exists an open neighbourhood NbdM(N) of N inM and
an open neighbourhood NbdTNω(N) of the zero section N ↪→ TNω in the symplectic
conormal bundle TNω and a diffeomorphism ψ : NbdTNω(N) → NbdM(N) such that
ψ|N = Id and ψ∗ω = ωTNω .

Despite symplectic submanifolds, there’re some other special submanifolds that we are
interested in.
2.13 Definition. A smooth submanifold N ⊆ M of a symplectic manifold (M,ω) is
isotropic if the restriction ω|N is identically zero, or equivalently TN ⊆ TNω.

A smooth submanifold N ⊆ M of a symplectic manifold (M,ω) is coisotropic if
TNω ⊆ TN .

A smooth submanifold N ⊆ M of a symplectic manifold (M,ω) is Lagrangian if
TN = TNω, or equivalently N is both isotropic and coisotropic.

6 Exercise. Show that an isotropic submanifold N ⊆ M2n has to have dimension
at most n, and a coisotropic submanifold N ⊆M2n has to have dimension at least n.
In particular, a Lagrangian submanifold N ⊆M2n has to be half-dimensional.

7 Exercise. Show that a real hypersurface C ⊆ M of a symplectic manifold M
is always coisotropic. Similarly, a one-dimensional submanifold I ⊆ M is always
isotropic.

2.14 Example. For any smooth manifold L, the “physical phase space” T ∗L has natural
Lagrangian submanifolds: the zero section L ↪→ T ∗L and any cotangent fibres T ∗

q L ↪→
T ∗L for q ∈ L.

8 Exercise. Inside the cotangent bundle T ∗L, find the equivalence condition for a
graph

Γ(α) := {(x, αx) ∈ T ∗L|x ∈ L}

of a differential 1-form α ∈ C∞(L, T ∗L) to be Lagrangian in T ∗L.

2.15 Definition. Two Lagrangian submanifolds L0, L1 ⊆ M are Lagrangian isotopic
if there is a smooth family of Lagrangian submanifolds {Lt}0≤t≤1 in M . They are further-
more hamiltonian isotopic if there exists a hamiltonian diffeomorphism ϕ ∈ Ham(M,ω)
such that ϕ(L0) = L1.

9 Exercise. Show that Γ(α), once being Lagrangian, is always Lagrangian isotopic
to the zero section. Show that it is furthermore hamiltonian isotopic to the zero
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section L ↪→ T ∗L if and only if α is an exact 1-form.

10 Exercise. Show that for any compact Lagrangian submanifold L ↪→ M of a
symplectic manifold (M,ω), there exists an open neighbourhood NbdM(L) of L in M
and an open neighbourhood NbdT ∗L(L) of the zero section L ↪→ T ∗L in the cotangent
bundle T ∗L and a diffeomorphism ψ : NbdT ∗L(L) → NbdM(L) such that ψ|L = Id
and ψ∗ω = ωstd.

Hint. The difficult part is to identify the normal bundle of L to M with T ∗L and find an
embedding T ∗L ⊇ U ↪→ M such that the pullback of ω restricts to ωstd along the zero
section L ↪→ T ∗L. Pick an almost complex structure J on M compatible with ω, then
we can check that JTL ⊆ TM |L is a Lagrangian subbundle of TM |L that is transversal
to TL, and since J is an isomorphism of bundles, we see that JTL ∼= TL. Let gJ be
the Riemannian metric defined by ω and J , then gJ provides the identification of JTL
with T ∗L, the cotangent bundle of L. We write Φ: T ∗L → TL be the corresponding
isomorphism, and via exponential map we define the map ϕ : T ∗L→M by

ϕ(q, α) = expq(JqΦq(α)).

By definition, for v = v0 + v1 under the identification TT ∗L ∼= TL ⊕ T ∗L we have
dϕ(q,α)(v) = v0 + JqΦq(v1), and hence

ϕ∗ω(q,0)(v, w) = ωq(v0 + JqΦq(v1), w0 + JqΦq(w1)) = ωq(v0, JqΦq(w1))− ωq(w0, JqΦq(v1))

= w1(v0)− w0(v1) = ωstd(v, w).

This implies that ϕ∗ω and ωstd are identified along L, and hence we can apply Moser’s
argument to finish the proof.

For isotropic/coisotropic submanifolds, we need to provide a good description of the
local model. Let L ⊆ M be an isotropic submanifold, then TL ⊆ TM has symplectic
orthogonal complement

TL ⊆ (TL)ω,

whose quotient (TL)ω/TL is a symplectic vector bundle over L with the inherited sym-
plectic structure ω. Pick an almost complex structure J on TM compatible with ω and
let gJ be the corresponding Riemannian metric, we then have direct sum decomposition

TM |L = TL⊕ JTL⊕ E,

where E = (TL ⊕ JTL)ω is the symplectic vector bundle isomorphic to (TL)ω/TL and
JTL is an isotropic subbundle isomorphic to TM/(TL)ω. Under this identification, write
ωE = ω|E and identify JTL with T ∗L via the metric gJ , we can construct a symplectic
structure ωJ on TM |L/TL = T ∗L ⊕ E as follows: for any pair of tangent vectors v =
v0 + v1 + v2 and w = w0 + w1 + w2 where v0, w0 ∈ TL, v1, w1 ∈ T ∗L and v2, w2 ∈ E, we
define

ωJ(v, w) = v1(w0)− w0(v1) + ωE(v2, w2).

Then we can check that ωJ is a symplectic structure on TM |L/TL.
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11 Exercise. Show that for any compact isotropic submanifold L ↪→ M of a sym-
plectic manifold (M,ω), there exists an open neighbourhood NbdM(L) of L in M and
an open neighbourhood NbdTM |L/TL(L) of the zero section L ↪→ TM |L/TL in the
quotient bundle TM |L/TL and a diffeomorphism ψ : NbdTM |L/TL(L) → NbdM(L)
such that ψ|L = Id and ψ∗ω = ωJ for some chosen almost complex structure J on M .

12 Exercise. Set up the correct local model for a coisotropic submanifold C ⊆ M ,
state and proof the corresponding neighbourhood theorem for coisotropic submani-
folds.

Hint: For those who want to directly see the whole procedure, check [Got82].

(2d) Arnold-Liouville theorems continued. The introduction of special subman-
ifolds allows us to provide a better description of completely integrable systems. First of
all, we have
2.16 Proposition. Let (M,ω) be a symplectic manifold with a Poisson commute col-
lection of smooth functions {H1, · · · , Hk}. Assume that hamiltonian flows ϕtHi

of Hi are
defined for all t ∈ R, giving a Rk-action on M , then the orbits of the Rk-action are
isotropic and the level sets H⃗−1(c) for c ∈ Rk regular values are coisotropic.

Proof. The first claim follows from the commutativity and the second claim follows
from from the fact that TH⃗−1(c) is the zero set in TM of the differential forms dHi

for i = 1, · · · , k, which is the intersection of the symplectic orthogonal complements
span{Xω

Hi
}ki=1 of the corresponding Hamiltonian vector fields.

2.17 Corollary. In particular, for H⃗ : M → Rn a completely integrable system with
regular fibres, the orbits of the Rn-action are Lagrangian submanifolds of M .

Upon determining all the orbits of the completely integrable system, we want to
understand how these orbits are patched together to form the symplectic manifold M .
Locally around regular orbits, we have the following Liouville coordinates:
2.18 Proposition. Let H⃗ : M → Rn be a completely integrable system and let b ∈ Rn

be a regular value of H⃗. Let b ∈ U be an open neighbourhood of b in Rn and σ : U →M a
smooth Lagrangian section of H⃗, i.e. H⃗◦σ = IdU and σ(U) is a Lagrangian submanifold
of M . Then the map

Ψ: U × Rn → X, Ψ(b, t) = ϕt1H1
◦ · · · ◦ ϕtnHn

(σ(b))

is both an immersion and a submersion such that Ψ∗ω =
∑n

i=1 dbi∧dti, where (b1, · · · , bn)
is the standard coordinate in U ⊆ Rn.

Proof. This is basically a computation: write ∂bi and ∂ti to be the corresponding vector
fields on U × Rn, then for 1 ≤ i ≤ n it’s clear that Ψ∗(∂bi) has image in Tσ(U), which
is a Lagrangian submanifold and hence Ψ∗ω(∂bi , ∂bj) = 0 for all 1 ≤ i, j ≤ n. As all Rn-
orbits are Lagrangian submanifolds, we also have Ψ∗ω(∂ti , ∂tj) = 0 for all 1 ≤ i, j ≤ n.
Therefore it suffices to determine Ψ∗ω(∂bi , ∂tj). By definition,

ω(dΨ(∂bi), dΨ(∂tj)) = ω(dϕt⃗
H⃗
◦ dσ(∂bi), dϕt⃗H⃗(XHj

)) = dHj ◦ dσ(∂bi) = δij
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using the fact that σ is a section of H⃗. We therefore conclude that Ψ∗ω =
∑n

i=1 dbi ∧ dti.
The remaining properties of Ψ follow immediately.

Under this symplectomorphism Ψ we get that ΛH⃗ |U = Ψ−1(σ(U)), and hence ΛH⃗ is
locally trivial over the submanifold of regular values of H⃗. However, it’s still unclear
whether the period over each point b ∈ U is the same. This can be resolved by upgrading
Liouville coordinates to the famous action-angle coordinates:
2.19 Proposition (Action-Angle Coordinates). Let H⃗ : M → U ⊆ Rn be a completely
integrable system over a contractible open set U with only regular and connected fibres,
then there is a local change of coordinates α : U → V ⊆ Rn such that α ◦ H⃗ has standard
period lattice Λα◦H and the map Ψ: U × Rn → M descends to a symplectomorphism
U × Rk × (R/2πZ)n−k →M .

Proof. As U is contractible, we can find sections τi : U → ΛH⃗ so that 2πτ1, · · · , 2πτk
provide a basis of the period lattice ΛH⃗ at each point of U . Let

T =



τ 11 τ 12 · · · τ 1k 0 · · · 0
τ 21 τ 22 · · · τ 2k 0 · · · 0
...

... . . . ...
... . . . ...

τ k1 τ k2 · · · τ kk 0 · · · 0
τ k+1
1 τ k+1

2 · · · τ k+1
k 1 · · · 0

...
... . . . ...

... . . . ...
τn1 τn2 · · · τnk 0 · · · 1


be a matrix-valued function on U where the first k×n-entries are given by the sections τi
and the remaining entries by the identity matrix. Note that Tb(2πZk) = ΛH⃗b , so it suffices
to show that T is induced from a change of coordinates α : U → V .

Write α = (α1, · · · , αn), then for G⃗ = α ◦ H⃗ we can compute that

dG⃗ = dα ◦ dH⃗ =

(
n∑
j=1

∂αi
∂bj

dbj

(
dHj ⊗

∂

∂bj

))n

i=1

=

(
n∑
j=1

∂αi
∂bj

dHj

)n

i=1

,

so by taking the symplectic dual we have

XGi
=

n∑
j=1

∂αi
∂bj

XHj

for 1 ≤ i ≤ n. Write A = (∂αi/∂bj)i,j, then by taking flows and using commutativity we
have

ϕt
G⃗
= ϕA

T t
H⃗

,

so that the period lattices of H⃗ and G⃗ are related by

ATΛG⃗b = ΛH⃗α−1(b).

Now we want ΛG⃗ = 2πZk to be the standard period lattice, and from the previous
discussion we look for a map α such that

∂αi
∂bj

=

 τ ji , if 1 ≤ i ≤ k
0, if i > k, j ≤ k
δij, if i, j > k
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As the space U is contractible, such a map α exists iff
∂τ ji
∂bl

=
∂τ li
∂bj

for all 1 ≤ j, l ≤ k and

1 ≤ i ≤ n. Pick a Lagrangian section σ : U → M of H⃗ and use the Liouville coordinate
Ψ: V → U so that Ψ∗ω =

∑n
i=1 dbi∧dti and ΛH⃗ = Ψ−1(σ(U)). Note that ΛH⃗ ⊆ Rn×U is

a Lagrangian submanifold that is a cover over U , and is hence a disjoint union classified
by the period maps τi : U → Rn for 1 ≤ i ≤ k. The Lagrangian condition then implies
that

0 = ω

(
∂

∂tj
−

n∑
k=1

∂τ ji
∂bk

∂

∂bk
,
∂

∂tl
−

n∑
k=1

∂τ li
∂bk

∂

∂bk

)
=
∂τ li
∂bj

− ∂τ ji
∂bl

,

which is exactly the desired condition, and therefore we conclude the proof.

2.20 Definition. The Liouville coordinates associated to the completely integrable sys-
tem α◦H⃗ is called the action-angle coordinate, where α◦H⃗ : U×Rn → U is the action
coordinate while the projection U × Rn → Rn is the angle coordinate.
2.21 Corollary (Big Arnold-Liouville Theorem). Assume that H⃗ : M → Rn is a com-
pletely integrable system with regular and connected fibres, then all the fibres O are
diffeomorphic to Tk × Rn−k for some 0 ≤ k ≤ n, and there is a neighbourhood of O in
M that is symplectomorphic to U × Tk × Rn−k where the symplectic structure is given
by
∑
dbi ∧ dti. Under this symplectomorphism, O is sent to the fibre {b} × Tk × Rn−k

for some b ∈ U .
When the fibres are all compact, we get a Lagrangian torus fibration H⃗ : M → B

over some subset B ⊆ Rn.

(2e) Hamiltonian G-manifold. An alternative point of view toward the “dimension
reduction” is to describe the quotient manifold as a “quotient by a symplectic group
action”, which we will introduce briefly in this section. Write symp(M,ω) to be the space
of symplectic vector fields on (M,ω), and ham(M,ω) to be the space of hamiltonian
vector fields. Directly from the definition 1.8 and the definition of de Rham cohomology
we get that
2.22 Lemma. There is a short exact sequence of vector spaces

0 → ham(M,ω) → symp(M,ω) → H1
dR(M ;R) → 0,

and ham(M,ω) can be identified with the quotient of space of smooth functions C∞(M,R)
by the constant functions.
2.23 Definition. Let G be a Lie group. A symplectic G-action on a symplectic
manifold (M,ω) is a smooth G-action ρ : G×M →M such that ρ∗gω = ω for all g ∈ G.

Looking at the infinitesimal action we can see that the Lie algebra g of G maps to
symp(M,ω). Also recall that there is a natural adjoint action of G on g given by

Adg(ξ) :=
d

dt

∣∣∣∣
t=0

g exp(tξ)g−1

where exp(tξ) is a one-parameter subgroup of G whose derivative at t = 0 is the infinites-
imal vector field ξ.
2.24 Definition. A symplectic G-action ρ : G×M →M is hamiltonian if furthermore
the infinitesimal action ξ 7→ Xξ ∈ symp(M,ω) lies in ham(M,ω) and admits a linear lift

23



in C∞(M,R), and this map is G-equivariant with respect to the adjoint action of G on g
and the pullback action of G on C∞(M,R).

Therefore a Hamiltonian G-action on (M,ω) provides a G-equivariant linear map
g → C∞(M,R), and note very unrigorously that there is an identification

homR(g, C
∞(M,R)) = C∞(M, homR(g,R)) = C∞(M, g∨),

so that a linear map g → C∞(M,R) should be identified with a smooth map µG : M → g∨,
which we call the moment map for the hamiltonian G-action on M . Rigorously, it’s
defined as follows: for ξ ∈ g and x ∈M , we define

⟨µG(x), ξ⟩ := Hξ(x),

where Hξ ∈ C∞(M,R) is the image of ξ under the linear lift g → C∞(M,R).
2.25 Example. Consider the harmonic oscillator 1.4. In this case the assignment ξ 7→ H
provides the hamiltonian action u(1) ∼= R → C∞(T ∗R,R) of the Lie algebra u(1) of the
unitary group U(1) ∼= S1, which acts as the rotation on the phase space T ∗R ∼= R2

counter-clockwise.
From now on, we assume that G = T ∼= Tk is a torus. Write t∨ to be the dual Lie

algebra of T .
2.26 Lemma. Let c ∈ t∨ be a regular value of the moment map µT : M → t∨, then the
level set µ−1

T (c) is a coisotropic submanifold of M .

Proof. Write the moment map in coordinates, this is essentially Proposition 2.16.

Note that if C ⊆ V is a coisotropic subspace of a symplectic vector space (V,Ω), then
the restriction Ω|C has non-trivial kernel kerΩ ⊆ C so that Ω descends to the quotient
space Ω: ∧2 (C/ kerΩ) → R which is again non-degenerate. kerΩ is often called the
characteristic subspace of C.

In particular, we know that orbits of T are isotropic submanifolds in µ−1
T (c), and

by dimension count we see that the characteristic subbundle of Tµ−1
T (c) is exactly the

tangent bundle of T -orbits. Therefore if the quotient µ−1
T (c)/T is a smooth manifold, the

symplectic structure ω will descend to a symplectic structure on the quotient µ−1
T (c)/T .

Conditions for a quotient space M/G of a smooth manifold M by a Lie group G to
be a smooth manifold are well-known [Lee13, Chapter 21]. We will recall some of the
terminologies used there.
2.27 Definition. A Lie group action G on M is free if the stabilizer subgroup of G
at each point of M is trivial, and is proper if the map G × M → M × M given by
(g, x) 7→ (gx, x) is proper.
2.28 Theorem ([Lee13, Theorem 21.10]). Suppose G is a Lie group acting smoothly,
freely and properly on a smooth manifoldM , then the quotient spaceM/G is a topological
manifold of dimension dimM − dimG and admits a unique smooth structure such that
the quotient map M →M/G is a smooth submersion.

Now it’s an immediate corollary that
2.29 Theorem (Marsden-Weinstein-Meyer). Assume that T acts freely and properly on
µ−1
T (c), i.e. stabilizer subgroup of T at each point of µ−1

T (c) is trivial and the orbits of T
are embedded submanifolds of M , then the quotient space

M//cT = µ−1
T (c)/T
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is a symplectic manifold of dimension dimM − 2 dimT .
2.30 Example. Consider the symplectic vector space (Cn+1, ωstd) regarded as a complex
vector space of dimension 2n+2. Consider a T = U(1)-action on Cn+1 given in coordinates
by

θ.(z1, · · · , zn+1) = (eiθz1, · · · , eiθzn+1).

One can check that the moment map for T is given by µT (z1, · · · , zn+1) =
1
2

∑n+1
i=1 |zi|2,

which is regular over R>0 and has a critical value at 0 whose fibre is exactly one point.
For any c > 0, µ−1

T (c) = {|z1|2+ · · ·+ |zn+1|2 = 2c} defines a sphere of radius
√
2c in Cn+1,

and it’s clear that the quotient µ−1
T (c)/T is diffeomorphic to the complex projective space

CP n. However, the symplectic structures on each Cn+1//cT are different for different
c > 0: if we rescale zi 7→

√
c
−1
zi, then the corresponding symplectic structure scales by

c, so that the quotient structure on Cn+1//cT is c times the quotient symplectic structure
on Cn+1//1T .
2.31 Definition. A group action G ↷ M is effective if the action homomorphism
G → Diff(M) is injective. A symplectic manifold (M,ω) is called toric if there is an
effective hamiltonian T -action on M with dimT = 1

2
dimM .

Note that a basis for µT : M → t∨ provides a completely integrable system on M , and
since an effective action has a dense open subset of free orbits, we can find an open subset
U ⊆ µT (M) in the image of M under µT such that the restriction µT |µ−1

T (U) : µ
−1
T (U) → U

is a smooth Lagrangian torus fibration.

1 Problem. Understand and explain the proof of the following theorem of Atiyah
and Guillemin-Sternberg [Ati82, GS82]:
2.32 Theorem. Let (M,ω) be a compact connected symplectic manifold with an
effective hamiltonian T -action, then the image µT (M) of the moment map is a convex
polytope in t∨, and the fibres of µT are connected.

Reference: [MS17, Theorem 5.5.1], [Aud91, Theorem 4.2.1].
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3. Rigidity: Non-squeezing Theorem

In the previous discussions we have shown that symplectic manifolds share some similar-
ities with general smooth topology: there’re no local geometries, and their special sub-
manifolds also have pretty good neighbourhood descriptions. Probably non-surprisingly,
symplectic manifolds also have some regidities, which distinguishes symplectic topology
from smooth topology.

Clearly as [ω] ∈ H2
dR(M ;R) has to be non-trivial for compact M , the symplectic

volume volω(M) := ⟨[ωn], [M ]⟩ provides a first symplectic invariant that gives some
rigidity to symplectic manifolds. For instance, one readily see that
3.1 Lemma. Assume that (M,ωM) and (N,ωN) are symplectic manifolds, possibly with
boundary, such that volωM

(M) > volωN
(N), then there cannot exist any symplectic em-

bedding M ↪→ N .
One can therefore ask the following question: is volume the only obstruction to the

existence of symplectic embeddings? Let’s take a look at the infinitesimal story: given a
symplectic vector space (V,Ω) = (R2n, ωstd), the space of linear symplectomorphisms of V
is the symplectic group Sp(V,Ω) of matrices A : V → V such that ATΩA = Ω. As ∧topΩ
is propotional to the determinant map det : V → R, the group of and volume-preserving
maps is exactly the group of matrices with det(A) = 1, i.e. the special linear group
SL(V ).
3.2 Lemma. A matrix of the form

Ψ =

(
A B
C D

)
where A,B,C,D are n× n matrices is symplectic if and only if the following conditions
hold:

ATC = CTA, BTD = DTB, ATD − CTB = Id .

In particular, Sp(R2, ωstd) = SL(2,R).
So it’s clear that in high dimensions volume-preserving is not enough to guarantee the

existence of symplectic embeddings. However, we want a non-trivial non-linear example
where this can happen. This is the famous theorem of Gromov [Gro85], which we will
state and prove in this lecture.
3.3 Theorem (Gromov). Consider the following submanifolds of Cn: for r > 0 the
open cylinder ZR = D2

R(0) × Cn−1 and the open ball Dr = D2n
r (0) ⊆ Cn, with inherited

symplectic structure from ωstd. Then there exists a symplectic embedding Dr ↪→ ZR if
and only if r ≤ R.

13 Exercise. Show that there exists a volume-preserving embedding Dr ↪→ ZR for
any r, R > 0. Hint: Consider linear maps, i.e. matrices.

The inclusion Dr ↪→ ZR gives the trivial symplectic embedding provided r ≤ R, but as
vol(Z) = ∞, there’re no volume obstructions to the existence of symplectic embeddings
Dr ↪→ ZR when r > R. This means we cannot symplectically “squeeze” a ball to embed
it into a cylinder of smaller radius, which gives the name non-squeezing theorem.

The proof of the non-squeezing theorem is highly non-trivial and it’s the first time
where the pseudo-holomorphic curve techniques were introduced in symplectic topology.
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Although symplectic manifolds does not have local invariants, pseudo-holomorphic curves
provide global invariants of symplectic manifolds that was proved extremely effective, and
was extensively used later to derive a bunch of symplectic-geometric results. We will go
to this later in the lecture.

(3a) Differential calculus on Riemann surfaces. Let’s quickly recall some basic
facts about Riemann surfaces. By Riemann surface we mean a smooth manifold Σ of
real dimension 2, and in this lecture we will always assume a Riemann surface is closed,
i.e. compact without boundary. An area form ωΣ on Σ is a 2-form that is non-degenerate
everywhere, which exists by partition of unity, and as any 2-forms on Σ are closed, it
follows that Σ always admits symplectic structures, and therefore also admilts almost
complex structures. Moreover, we can compute that the Nijenhuis tensor vanishes, and
hence
3.4 Proposition. A Riemann surface Σ admits at least one complex structure j, and
hence is a complex manifold.

This can be also shown without using Newlander-Nirenberg theorem. See for example
[Che55].

Given an almost complex structure j on Σ, the complexfied tangent bundle TCΣ :=
TΣ⊗R C admits a natural splitting

TCΣ = T1,0Σ⊕ T0,1Σ

where T1,0Σ and T0,1Σ consist of vectors v ∈ TCΣp such that jp(v) = iv and jp(v) = −iv
respectively. Similarly, the cotangent bundle T ∗

CΣ = T 1,0Σ⊕T 0,1Σ also splits correspond-
ingly.
3.5 Definition. Under this decomposition, we define

Ap,q(Σ) := C∞(Σ,∧p(T 1,0Σ)⊗C ∧q(T 0,1Σ)).

In particular, write Ωn(Σ) := C∞(Σ,∧nT ∗
CΣ) to be the space of complex differential

forms on Σ, then we get decompositions of vector spaces

Ωn(Σ) ∼=
⊕
p+q=n

Ap,q(Σ).

Of course, dimR Σ = 2, so it’s non-trivial only when n = 0, 1, 2 and 0 ≤ p+ q ≤ 2, i.e. we
have isomorphisms

Ω1(Σ) ∼= A1,0(Σ)⊕A0,1(Σ), Ω2(Σ) ∼= A1,1(Σ)

as ∧2(T 1,0Σ) = ∧2(T 0,1Σ) = 0.
In local coordinates, let C ⊇ U ↪→ Σ be an open subset of Σ with coordinate z = x+iy,

then the complexified differential forms are of the form

f(x, y)dx+ ig(x, y)dy,

where f, g : U → C are smooth complex-valued functions. The standard complex struc-
ture j|U on U is given by j∗(dx) = −dy and j∗(dy) = dx, so that A1,0(U) is spanned by
the complex-valued 1-form dz = dx + idy as a module over the algebra C∞(U,C), while
A0,1(U) is spanned by the complex-valued 1-form dz̄ = dx− idy.
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Let Πp,q : Ω
p+q(Σ) → Ωp,q(Σ) be the projection onto the (p, q)-component. The com-

plexified differential dC := d⊗IdC decomposes with respect to the decomposition of Ωn(Σ)
as dnC =

∑
p+q=n+1 d

p,q with

dp,q = Πp,q ◦ dnC : Ωn(Σ) → Ωp,q(Σ).

Write ∂ = d1,0 and ∂̄ = d0,1.
3.6 Lemma. We have ∂2 = ∂̄2 = 0 and ∂∂̄ = −∂̄∂, and ∂ and ∂̄ satisfy the Leibniz rule
with respect to the wedge product of forms.

Proof. They follow from the direct sum decomposition and the fact that d2C = 0 and dC
satisfies the Leibniz rule.

3.7 Proposition ([Huy05, Proposition 2.6.15]). dC = ∂ + ∂̄ if and only if j defines a
complex structure on Σ.

14 Exercise. Show that any complex structure j on Σ is compatible with some
symplectic structure ωΣ on Σ. In other words, Σ is a Kähler manifold.

As ∂2 = ∂̄2 = 0, the sequences

0 → A1,0(Σ)
∂̄−→ A1,1(Σ)

∂̄−→ 0

and
0 → Ω0(Σ)

∂̄−→ A0,1(Σ)
∂̄−→ A0,2(Σ)

∂̄−→ 0

are complexes of C-vector spaces, and therefore we can take cohomologies to get Dol-
beault cohomologies

Hp,q

∂̄
(Σ) :=

ker ∂̄|Ap,q(Σ)

Im ∂̄|Ap,q−1(Σ)

.

Note that in local coordinates ∂̄f(z) =
1

2

(
∂f

∂x
+ i

∂f

∂y

)
dz̄, hence ∂̄f = 0 iff f is holomor-

phic.
3.8 Definition. A map f : M → N is holomorphic if there exists open covers {Ui}
of M and {Vi} of N by coordinate charts such that f(Ui) ⊆ Vi and under these charts
f |Ui

: Ui → Vi is given by a tuple of holomorphic functions.
f is a biholomorphism if f has an inverse f−1 : N → M that is also holomorphic.

In this case we say M and N are biholomorphic. Write Aut(M) for the group of
biholomorphisms of M .

Let’s just recall a basic fact from complex analysis:
3.9 Theorem ([JS87, Theorem 2.1.1]). Aut(CP 1) ∼= PSL(2,C), where PSL(2,C) is the
quotient of the group SL(2,C) of invertible matrices with determinant 1 by its center
{± Id}. This isomorphism is explicitly given by the Möbius transformations. In particu-
lar, dimC Aut(CP 1) = 3.

Recall from topology that a map ϕ : Σ̃ → Σ is a covering map if fibres ϕ−1(p) for
each p ∈ Σ is a disjoint union of finitely many points and ϕ is locally trivial, i.e. it
induces a fibre bundle over Σ. A generalization to covering map in complex geometry
is a branched cover ϕ : Σ̃ → Σ, which is a holomorphic map where there exists a finite
number of points pi ∈ Σ such that ϕ−1(Σ \ {pi}) → Σ \ {pi} is a covering map, and ϕ is
locally given by z 7→ zk for some k > 0 near each point in ϕ−1(pi).
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(3b) Moduli space of pseudo-holomorphic curves. Essential in the proof is
to study the space of all pseudo-holomorphic maps u : (Σ, j) → (M,J) for some chosen
compatible almost complex structure J on a symplectic manifold (M,ω), where (Σ, j) is
a Riemann surface with a chosen complex structure j.
3.10 Definition. Let (Σ, j) be a closed Riemann surface with chosen complex structure
j and (M,ω) be a symplectic manifold with chosen compatible almost complex structure
J . A smooth map u : Σ →M is called J-holomorphic if it satisfies

du ◦ j = J ◦ du. (3)

Equivalently, note that any u : Σ →M induces a vector bundle u∗TM over Σ, which
is a complex vector bundle with complex structure u∗J . The differential du : TΣ → TM
can then be understood as a section of the tensor bundle T ∗Σ ⊗C u

∗TM , and using
local coordinates we can assume u : C ⊇ B → U ⊆ Cn is given by a tuple of smooth
complex-valued functions u = (u1, · · · , un) so that the differential is given by

du =
n∑
i=1

(
∂ Reui
∂z

∂

∂xi
⊗ dz +

∂ Imui
∂z

∂

∂yi
⊗ dz +

∂ui
∂z̄

∂

∂xi
⊗ dz̄ +

∂ Imui
∂z̄

∂

∂yi
⊗ dz̄

)
,

so that (3) is equivalent to
∂ui
∂z̄

= 0 for all 1 ≤ i ≤ n, i.e. ∂̄Ju = 0. This description is
closer to what we traditionally mean by J-holomorphic.
3.11 Definition. A J-holomorphic curve u : Σ →M is simple if there does not exist a
J-holomorphic curve v : S →M and a branched cover ϕ : Σ → S such that u = v ◦ ϕ.

An equivalent property for simpleness is the following local description: u is called
somewhere injective if there exists z ∈ Σ such that duz ̸= 0 and u−1(u(z)) = {z}. This
equivalence readily implies that
3.12 Proposition. The set of uninjective points of a simple J-holomorphic curve is
discrete. Here uninjective points means p ∈ Σ such that dup = 0 or u−1(u(p)) ̸= {p}.
3.13 Definition. Fix A ∈ H2(M ;Z), we define the moduli space of J-holomorphic
curves of genus g in the homology class A to be

M̂g(M,J ;A) := {u : Σg →M |∂̄Ju = 0, u is simple, u∗[Σg] = A},

where Σg is a closed Riemann surface of genus g.

To understand M̂g(M,J ;A), the usual way in differential geometry is to find a larger
space of maps, for instance we can look at the space of smooth maps C∞(Σg,M), such
that M̂g(M,J ;A) ⊆ C∞(Σg,M) is a subspace defined by some sections of some vector
bundles E → C∞(Σg,M). In this case, intuitively we can think about M̂g(M,J ;A) as
the zero locus of the section ∂̄J of the Fréchet bundle

C∞(Σg, u
∗TM) → E → C∞(Σg,M).

However, the metric structure on a Fréchet bundle is not good enough to make any mean-
ingful conclusions, so we need to further enlarge the space of maps and sections, to allow
non-smooth and even non-continuous maps, in order to “solve” this partial differential
equation.
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3.14 Definition. A Banach space is a vector space V over R or C equipped with a
norm ∥ · ∥ : V → R≥0 such that V is complete with respect to the metric induced by the
norm. A linear map f : V → W of Banach spaces is bounded if there exists C > 0 such
that |f(v)| ≤ C|v| for all v ∈ V .

A Banach manifold modelled on a Banach space V is a topological space M with
an open cover {Ui}i∈I such that there exists embeddings ϕi : Ui ↪→ V such that in the
intersections Uij = Ui ∩ Uj the transition maps ϕj ◦ ϕ−1

i : ϕi(Uij) → ϕj(Uij) are homeo-
morphisms.

Note that with the Banach norm it’s still possible to define differentials of maps
between Banach spaces. Roughly speaking, the differential of a continuous map f : V →
W at 0 ∈ V is a bounded linear map dfp : V →W such that

lim
t→0

|f(x+ t)− f(x)− dfp(t)|
∥t∥

= 0.

Using this, we are able to define smoothness of maps between Banach spaces, smoothness
of Banach manifolds, and smoothness of maps between Banach manifolds. The notion
of Banach bundles can also be similarly defined, where we require that locally it’s
homeomorphic to products of Banach spaces, and the transition maps are bounded linear
on the fibre component. For more details, see [Lan62, Moo17].

The canonical enlargement of C∞(Σg,M) so that the map spaces have good analysis
properties is the so-called Sobolev spaces.
3.15 Definition. Let (Rn, µ) be a measure space and (V, | · |) a Banach space. For
k ∈ Z≥0 and p ∈ [1,∞), the Sobolev space W k,p(Rn, V ) is defined to be the completion
of C∞(Rn, V ) with respect to the norm

∥f∥Wk,p =

(
k∑
j=0

∫
Rn

∥djf∥pdµ

)1/p

.

This is a Banach space and in particular when p = 2 and the norm in V is induced
by an inner product, it’s a Hilbert space with the inner product given by

⟨f, g⟩Wk,2 =
k∑
j=0

∫
Rn

⟨djf, djg⟩dµ.

As transition maps between coordinate charts of a smooth manifold M is smooth, by
introducing a Riemannian metric g on M we can glue local Sobolev spaces to get a
Sobolev manifold W k,p(N,M) of maps from a smooth manifold N to the Riemannian
manifold M . This can be verified to be a C1-Banach manifold whose tangent space at a
point u ∈ W k,p(N,M) is the Banach space W k,p(N, u∗TM).

For a map u : N →M , we can talk about the related topological invariants only when
u is continuous, which requires us to look at (k, p) such that W k,p(Rn, V ) ⊆ C0(Rn, V ).
This can not be always achieved, but we have the following Sobolev embedding theorems:
3.16 Theorem ([Eva98, Section 5.6]). Let U be an open subset of Rn and u ∈ W k,p(U,R).
If kp > n, then u ∈ C0(U,R) and there exists C > 0 such that ∥u∥C0 ≤ C∥u∥Wk,p .

Back to our situation, we look at Sobolev manifold W 1,p(Σ,M) where Σ is a compact
Riemann surface of genus g and (M,ω) a symplectic manifold with chosen compatible
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almost complex structure J . When p > 2 the above Sobolev embedding theorem implies
that W 1,p(Σ,M) ⊆ C0(Σ,M), so it makes sense to consider the submanifold

W 1,p(Σ,M ;A) = {u : W 1,p(Σ,M)|u∗[Σ] = A}.

The tangent space at u ∈ W 1,p(Σ,M ;A) is then W 1,p(Σ, u∗TM), and the section we
are looking for is ∂̄J ∈ C1(W 1,p(Σ,M ;A), TW 1,p(Σ,M ;A)⊗C T

0,1Σ), whose zero locus is
a priori an enlargement of M̂g(M,J ;A). The problem now is to understand the space
M̂1,p

g (M,ω, J ;A) := ∂̄−1
J (0) inside W 1,p(Σ,M ;A).

(3b-i) Transversality. Recall that given a smooth map f : N → M and a smooth
submanifold A ⊆ M , we say f is transversal to A if for each x ∈ f−1(A) we have
Tf(x)M = Tf(x)A + dfx(TxN). When f is transversal to A the preimage f−1(A) is a
smooth submanifold of N with codimension equal to the codimension of A in M .

Now let E → M be a smooth finite-rank vector bundle over M , we know that the
restriction TE|M ∼= TM ⊕ E admits a natural splitting into the tangent bundle TM of
M and the vector bundle E. Let s : M → E be a section of E, then the transversality
condition for s−1(0) ⊆M to be a smooth submanifold of M of codimension r = rankE is
equivalent to the projection ds|s−1(0) : TM → TE ↠ E being surjective for all x ∈ s−1(0).

In inifnite dimensions, in addition to the bundle map TM → E being surjective, we
need to further require that the surjection admits a right inverse E → TM , i.e. the
composition E → TM

ds−→ E is the identity map. This splitting provides a direct sum
decomposition TM ∼= K⊕E where K = ker(ds)|s−1(0) is the tangent bundle of the smooth
manifold s−1(0).

For E1,p = TW 1,p(Σ,M ;A) ⊗C T
0,1Σ the aformentioned Banach bundle over B1,p =

W 1,p(Σ,M ;A), we can compute the differential of ∂̄J at u ∈ W 1,p(Σ,M ;A), which is
also often called the linearization of ∂̄J at u such that ∂̄J(u) = 0, as follows: recall that
TE|M ∼= TM ⊕ E admits a splitting into TM and Ep, where d∂̄J is identity on the first
component, so it suffices to determine the projection D∂̄J : TB1,p → Ep, whose restriction
to u ∈ B1,p is given by an operator Du : W

1,p(Σ, u∗TM) → W 1,p(Σ, u∗TM ⊗ T 0,1Σ).
3.17 Definition. J is called regular for A and Σ if Du is split surjective for every u
with ∂̄Ju = 0. We denote by

J reg
c (M,ω; Σ, A)

the space of all compatible almost complex structures J for (M,ω) that is furthermore
regular.

We will sketch but omit most details of the proof of the following theorem:
3.18 Theorem ([MS12, Theorem 3.1.6]). Fix a compact Riemann surface (Σ, jΣ, d volΣ)
and a homology class A ∈ H2(M ;Z).

(i) If J ∈ J reg
c (M,ω; Σ, A) then the space M̂1,p

g (M,ω, J ;A) is a smooth manifold
of dimension

dimM̂1,p
g (M,ω, J ;A) = n(2− 2g) + 2c1(A)

carrying a natural orientation.

(ii) The set J reg
c (M,ω; Σ, A) is residual in Jc(M,ω), i.e. it contains a countable

intersection of open dense subsets of J .
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For a complex vector bundle E → M over some smooth manifold M , we can define
its determinant line bundle detE = ∧rE →M , where r is the rank of E. For each map
u : Σ →M , we have the natural pull-back bundle u∗ detE → Σ which defines a complex
line bundle over Σ. We define the element c1(A) to be the signed count of the points in
a generic section of u∗ detTM . We can show that this does not depend on the choice of
sections.

Sketch of Proof. Instead of studying Du for fixed almost complex structure J , we consider
the universal moduli space

Uk,p,ℓ(M ;A) = Bk,p(M ;A)× J ℓ
ω(M)

where J ℓ
ω(M) is the completion of Jc(M,ω) under the Cℓ-metric. We are looking in

this space at the family of moduli spaces M̂k,p,ℓ
g (M,ω,J ℓ

c ;A)
π−→ J ℓ

c (M,ω) parametrized
by J ℓ

ω(M). To prove (ii), it suffices for us to show that for generic choice of J ∈
Jc(M,ω) ⊆ J ℓ

ω(M), the corresponding operator Du,J is split surjective for every u ∈
M̂k,p,ℓ

g (M,ω, J ;A).
An operator D : V → W between Banach spaces V and W is Fredholm if dimkerD

and dim cokerD are all finite-dimensional. When D is Fredholm, we define its Fredholm
index by Ind(D) := dimkerD − dim cokerD.

For maps f : X → Y between separable C1-Banach manifolds with Fredholm differ-
entials, Smale [Sma65] showed that the set y ∈ Y reg of values in Y where df is surjective
is residual, which generalizes Sard’s theorem to infinite dimensions.

In particular, we are now considering sections of the vector bundle Ek−1,p → Uk,ℓ,p

where the fibre at u is given by W k−1,p(Σ, u∗TM ⊗ T 1,0Σ). The space J ℓ
ω(M) is Banach

with tangent space at J provided by bundle endomorphisms Y : TM → TM satisfying
Y J + JY = 0 and ω(Y v, w) + ω(v, Y w) = 0 for all q ∈ M and v, w ∈ TqM . Write
s : Uk,ℓ,p → Ek−1,p to be the section, then we can compute that

Ds(u,J)(ξ, Y ) = Du,J(ξ) +
1

2
Y (u) ◦ du ◦ j.

3.19 Proposition (Fredholm Property for Elliptic Operators). Fix a homology class A ∈
H2(M ;Z), an integer ℓ ≥ 2, a real number p > 2, and an integer 1 ≤ k ≤ ℓ. Then the
following holds.

(i) The operator Du,J is Fredholm with indices IndDu,J = n(2− 2g) + 2c1(A).

(ii) Ds(u,J) is surjective whenever s(u, J) = 0 and u is somewhere injective, i.e.
there is p ∈ Σ and δ > 0 such that dM(u(p), u(ζ)) ≥ δdΣ(z, ζ) for all ζ ∈ Σ.

(iii) dπ : (ξ, Y ) 7→ Y is Fredholm.

This Proposition then implies the theorem.

Moreover, we can show that M̂k,p
g (M,ω, J ;A) does not depend on the choice of the

pair (k, p), by the following elliptic regularity result:
3.20 Proposition (Elliptic Regularity). Assume J is a smooth ω-compatible almost com-
plex structure and u : Σ →M a J-holomorphic curve of class W 1,p with p > 2, then u is
smooth.

32



In particular, all maps in M̂k,p
g (M,ω, J ;A) are smooth, and hence we can remove the

superscripts and simply write M̂g(M,ω, J ;A). This is a smooth manifold of dimension
n(2− 2g) + 2c1(A). We mostly focus on the case when g = 0, so that M̂0(M,ω, J ;A) is
a smooth manifold of dimension 2n+ 2c1(A).

(3b-ii) Compactness. For the proof of the non-squeezing theorem, we need to
consider the moduli space of curves with a marked point

M̂g,1(M,ω, J ;A) = {(u, z)|u ∈ M̂0(M,ω, J ;A), z ∈ Σ} ∼= M̂g(M,ω, J ;A)× Σ,

which is still a smooth manifold of dimension n(2−2g)+2c1(A)+2. By taking the image
of u under the given point z, we get an evaluation map

ev : M̂g,1(M,ω, J ;A) →M.

Note that PGL(2,C) acts on M̂g,1(M,ω, J ;A) by reparametrization of the domain Σ,
and hence does not affect the image of u. We want to consider the unparametrized
version of the mouduli space

Mg,1(M,ω, J ;A) := M̂g,1(M,ω, J ;A)/PGL(2,C),

where elements in Mg,1(M,ω, J ;A) are just curves in M independent of the parametriza-
tion. As the image of the evaluation map does not change under the PGL(2,C)-action,
there is still a natural evaluation map ev : Mg,1(M,ω, J ;A) → M , which can also be
shown to be smooth.

Let [D] ∈ H∗(M ;Z) be a cycle represented by a closed subset D in M , then the
preimage ev−1(D) ⊆ Mg,1(M,ω, J ;A) is the set of pairs (u, z) such that u(z) ∈ D.
To get a better analysis of the preimage ev−1(D), it’ll be better if the moduli space
Mg,1(M,ω, J ;A) is compact. However, Mg,1(M,ω, J ;A) is not compact in general, but
geometrically we can provide a natural compactification of Mg,1(M,ω, J ;A) by adding
the moduli space of, cusp-curves in the ancient language, or equivalently stable curves
after Kontsevich [Kon95].

Let Σ be a compact Riemann surface of genus g with m marked points z1, · · · , zm and
embedded disjoint simple closed curves γ1, · · · , γk that do not pass through any marked
points. A cusp-curve is the quotient space

Σ := Σ
/
{x ∼ y ⇔ there exists a contractible curve γi so that x, y ∈ γi}

given by shrinking each γi to a point.
3.21 Theorem (Uhlenbeck-Gromov Compactness). Let [ui] ∈ Mg,m(M,ω, J ;A) be a se-
quence of J-holomorphic curves with m marked points in the homology class A in a
compact symplectic manifold (M,ω). Then there exists a subsequence {[uij ]} that con-
verges to a cusp-curve u∞ : Σ →M , in an appropriate sense.

This theorem is intuitively easy to understand, while in practice difficult to formulate.
A rigorous treatment can be found in [MS12, Chapters 4 and 5] via Gromov topology
and stable maps. The rough idea is the following: firstly note that the energy

E(u) =

∫
Σ

u∗ω = ω(A) =

∫
Σ

|du|2d volΣ
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of u ∈ Mg,m(M,ω, J ;A) is uniformly bounded above. If furthermore |dui|2 is uniformly
bounded over Σ, by compactness of M and the folowing theorem, {ui} has a subsequence
that C1, and after taking care of the regularity, in C∞, to a J-holomorphic curve u∞ : Σ →
M .
3.22 Theorem (Arzelà-Ascoli). Let Σ be a compact Hausdorff space and M a metric
space. Assume that F ⊆ C(Σ,M) is a family of continuous maps. Then F is relatively
compact in the compact-open topology of C(Σ,M) if and only if it is

(i) (Equicontinuous) For every ε > 0 there exists δ > 0 such that dM(f(z), f(ζ)) < ε
for all f ∈ F and z, ζ ∈ Σ with dΣ(z, ζ) < δ.

(ii) (Pointwise bounded) For every z ∈ Σ the set {f(z)|f ∈ F} is bounded in M .

Therefore the problem only arises at points z ∈ Σ where |dui(z)|2 is unbounded. For
each such point, we can normalize the norm |dui|2 in a neighbourhood of z by rescaling,
which looks like “bubbling off” the neighbourhood of z from Σ, and if we pass to the
limit, we will gradually see a copy of C with z as the origin, where the theorem of Arzelà-
Ascoli can be applied locally to provide a local C∞-convergence to a J-holomorphic curve
u∞ : C →M up to passing to subsequences. We can then show that u∞ naturally extends
to a map from CP 1 to M , and this extended point is in the image of the limit of the
remaining parts of the curve.

The pinching curve.

z

The rescaling.

z

Bubbling.

z

Figure 2: The bubbling procedure.

We write Mg,m(M,ω, J ;A) to be the compactification of Mg,m(M,ω, J ;A) by adding
all the possible limits of sequences of J-holomorphic curves. From Uhlenbeck-Gromov
compactness, there will be two possible types of compactifications: cusp-curves and non-
simple curves.

Suppose g = 0, then the cusp-curves are unions of P1s along several points, and if we
represent each sphere by a vertex, and connect two vertices by an edge if the two spheres
intersect at a point. When g = 0, cusp-curves that are limits of some holomorphic
spheres are always represented by trees, i.e. graphs with no cycles, and we can compute
the dimension of these moduli space of cusp-curves as follows. Regard intersection points
as marked points on a sphere, so that we can write the corresponding moduli space by

M0,mi,ei(M,ω, J ;Ai)

where mi is the number of marked points on this component,
∑
Ai = A and ei is the

number of points that intersect with other components. Let T = (V,E,W ) be the tree
where V is the set of vertices, E is the set of edges and W : V → Z≥0 assigns to each
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vertex the number of marked points on the corresponding component, then the moduli
space MT (M,ω, J ;A) of cusp-curves corresponding to T can be identified with

MT (M,ω, J ;A) ∼=

{
(ui)i∈V ∈

∏
i∈V

M0,W (i),ei(M,ω, J ;Ai)

∣∣∣∣∣eve,i(ui)=eve,j(uj) whenever
e∈E is an edge connecting i and j.

}

Up to further deforming J we can assume that the evaluation map eve,i is transversal to
eve,j, so that the dimension of MT (M,ω, J ;A) is given by

dimMT (M,ω, J ;A) = 2n|V |+ 2m− 6|V | − 2(n− 2)|E|+ 2c1(A).

As |E| = |V | − 1 for a tree, we have dimMT (M,ω, J ;A) = 2n+2m− 4+ 2c1(A)− 2|V |.
In particular, all non-trivial cusp-curves have codimension at least 2 in M0,m(M,ω, J ;A).

For non-simple curves appearing in the boundary of M0,m(M,ω, J ;A), one can replace
it by simple ones: if A =

∑
α

mαAα is a decomposition into some other curve classes,

we can find simple cusp-curves in M0,m(M,ω, J ;
∑
Aα) having the same image as the

non-simple ones. Note that this moduli space should have dimension

2n+ 2m− 4 + 2
∑
α

c1(Aα)− 2|V |,

which has codimension ≥ 2 in M0,m(M,ω, J ;A) only when c1(Aα) ≥ 0 for all α. This
will hold if we impose the following condition on M :
3.23 Definition. A symplectic manifold (M,ω) is semipositive if for everyA ∈ H2(M ;Z),

ω(A) > 0, c1(A) ≥ 3− n⇒ c1(A) ≥ 0.

Note that when c1(A) < 3−n, the moduli space M0,0(M,ω, J ;A) is empty, and hence
this condition is enough to ensure the abovementioned codimension condition. Compacti-
fying strata having codimension 2 implies that the fundamental cycle

[
M0,m(M,ω, J ;A)

]vir ∈
H2n+2m−6+2c1(A) (M0,m(M,ω, J ;A);Z) is well-defined.

(3c) Proof of the non-squeezing theorem. With the moduli theory of J-holomorphic
curves established, we are ready to prove the non-squeezing theorem. Let’s start with a
lower bound for area of J-holomorphic curves in an Euclidean space.

(3c-i) Isoperimetric inequality for J-holomorphic curves. Let γ : S1 → V be
a smooth loop in a symplectic vector space (V = Cn, ωstd, Jstd), then we can define the

symplectic action of γ by A(γ) =
1

2

∫ 2π

0

ω(γ̇(θ), γ(θ))dθ, the length of γ by L(γ) :=∫ 2π

0

|γ̇(θ)|dθ, and the energy of γ by E(γ) :=
1

2

∫ 2π

0

|γ̇(θ)|2dθ.

3.24 Lemma ([MS12, Lemma 4.4.4]). Under the above hypotheses, we have the inequality

|A(γ)| ≤ 1

4π
L(γ)2.
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Proof. Using the vector version of Euler’s identity, we have ekθJ = cos(kθ) Id+ sin(kθ)J ,
so that for given vectors v, w ∈ V we have

ω(ekθJv, emθJw) = cos(kθ) cos(mθ)ω(v, w) + sin(kθ) sin(mθ)ω(v, w)

+ cos(kθ) sin(mθ)ω(v, Jw) + sin(kθ) cos(mθ)ω(Jv, w)

= cos((k −m)θ)ω(v, w) + sin((k −m)θ)ω(v, Jw).

Integrate θ over the interval [0, 2π] we get∫ 2π

0

ω(ekθJv, emθJw)dθ =

{
2πω(v, w), k = m,
0, otherwise.

For any smooth γ : S1 → V , consider its Fourier series expansion

γ(θ) =
∞∑
k=0

ekθJvk,

so that γ̇(θ) =
∞∑
k=0

kekθJJvk. We can then compute that

|A(γ)| = 1

2

∣∣∣∣∫ 2π

0

ω(γ̇(θ), γ(θ))dθ

∣∣∣∣ = ∞∑
k=0

kπ|vk|2 ≤
∞∑
k=0

k2π|vk|2 = E(γ).

Suppose that γ is immersed, then we can reparametrize γ by its arc-length so that |γ̇(θ)| =
L(θ)/2π, then we can compute that

E(γ) =
1

2

∫ 2π

0

|γ̇(θ)|2dθ = 1

2

∫ 2π

0

L(γ)2

4π2
dθ =

1

4π
L(γ)2.

This finishes the proof whenever γ is immersed. For general γ, choose a sequence {aν}ν
so that aν → 0 as ν → ∞ and aν ̸= e−θJJγ̇(θ) for each ν, and define γν(θ) = γ(θ)+eθJaν ,
then γν is immersed for each ν with γν ⇒ γ C∞-uniformly, and hence A(γν) → A(γ) and
L(γν) → L(γ) as ν → ∞, so that the inequality also holds for general γ.

3.25 Corollary. Let u : S → V be a J-holomorphic curve with u(0) = 0 where S is a
not necessarily compact Riemann surface, then for each ε > 0 we have∫

S∩Bε(0)

u∗ω ≥ πε2.

Proof. Let

A(ε) =

∫
S∩Bε(0)

u∗ω =

∫ 2π

0

ω (du(V ), du(jV )) dθ

be the symplectic area of u in the ball Bε(0), where V is a unit vector field on S. We
can choose V such that near ∂(S ∩Bε(0)) the vector du(V ) is the projection of the radial
vector field r∂/∂r on Cn to the tangent space of u(S), so that A(ε) = A(∂(S ∩ Bε(0))).
On the other hand, coarea formula implies that

d

dε
A(ε) =

∫ 2π

0

ω(du(V ), du(jV ))

|du(V )|
dθ ≥

∫ 2π

0

ω(γ̇ε(θ), γε(θ))

|γ̇ε(θ)|
dθ = L(γε).
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Therefore we have
Ȧ(ε)√
A(ε)

≥ L(γε)√
A(ε)

≥ 2
√
π.

By taking integration with respect to ε we get that A(ε) ≥ πε2 for each ε > 0 such that
S ∩ ∂Bε(0) ̸= ∅.

For general not necessarily linear almost complex structures J in Cn, we cannot achieve
isoperimetric inequality with such sharp constant, but there is still a weaker version, which
we will introduce here without a proof.
3.26 Lemma (Monotonicity Lemma). Let u : Σ → M be a J-holomorphic curve in an
almost Kähler manifold (M,ω, J), then there are constants c0 and ε0 > 0 such that if
0 < ε ≤ ε0 and if x ∈ Σ is such that u(Σ)∩Bε(u(x)) is compact with boundary contained
in the boundary ∂Bε(u(x))

A(S ∩Bε(u(x))) ≥
π

1 + c0ε
ε2.

(3c-ii) Holomorphic spheres in aspherical manifolds. For the sake of appli-
cations, we only look at a very special type of compact symplectic manifolds where the
moduli space of holomorphic curves behave very nicely.
3.27 Definition. A compact symplectic manifold (M,ω) is called symplectically as-
pherical if ω(A) = 0 for all A ∈ H2(M ;Z) that can be represented by a J-holomorphic
sphere u : S2 →M for some ω-compatible almost complex structure J .

The monotonicity lemma then implies that
3.28 Corollary. For symplectically aspherical manifolds (M,ω, J), there does not exist
non-constant J-holomorphic spheres u : S2 →M .
3.29 Example. Let M = T2n = R2n/Z2n be a 2n-dimensional torus with symplectic

structure ω =
n∑
i=1

dθi ∧ dφi where θi and φi are the angle coordinates in R2n. Then we

can verify that M is symplectically aspherical as follows. Note that q : R2n → M is a
universal cover of M , and since S2 is simply connected, any smooth map u : S2 →M can
be lifted to a smooth map ũ : S2 → R2n. Now we must have u∗[S2] = q∗ũ∗[S2] = 0 as
H2(R2n;Z) = 0, so we conclude that ω(u∗[S2]) = 0.

On the other hand, for J-holomorphic curves u : S2 → (P1, Jstd), we can show using
Riemann mapping theorem that any non-constant holomorphic curve u has to be a mul-
tiple cover of P1, and therefore simple ones has to be biholomorphisms. This implies that
M0,1(P1, ωFS, Jstd;A) ∼= P1 is already compact.

Recall the open charts of P1 in Example 2.2: we have U0 = {[z0 : z1] ∈ P1|z0 ̸=
0} ∼= Cz and U1 = {[z0 : z1] ∈ P1|z1 ̸= 0} ∼= Cw, where the transition map is given
by w = 1/z = z̄/|z|2. We consider the holomorphic tangent bundle TP1 of P1, whose
restriction to U0 is given by Cz×C∂/∂z and to U1 is given by Cw×C∂/∂w. The transition
map of TP1 can be computed as follows:

w∗

(
∂

∂z

)
=
dw

dz

∂

∂w
= − 1

z2
∂

∂w
= −w2 ∂

∂w
.

In particular, we can find a section s : P1 → TP1 defined by s(z) = z∂/∂z on U0 and
s(w) = −w∂/∂w on U1, which has two zeroes 0 and ∞, both non-degenerate. Therefore
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s is a section of TP1 transverse to the zero section with exactly two zeroes, which shows
that c1(A) = 2 where A = [pt] is the point class of P1 generating H0(P1;Z). By dimension
formula, we have

dimM0,1(P1, ωFS, Jstd;A) = 2 + 2− 6 + 2c1(A) = 2,

and the previous discussion implies that the fibre ev−1(p) of the evaluation map

ev : M0,1(P1, ωFS, Jstd;A) → P1

consists of exactly one point, and hence represents the class [pt] ∈ H0(M(P1, ωFS, Jstd);Z).
3.30 Proposition. Let M = P1×N be a product of P1 and a symplectically aspherical
manifold N , where the symplectic structure is given by ωM = π∗

1ωP1 + π∗
2ωN . Then for

any regular ωM -compatible almost complex structure J ∈ J reg
ωM

(M) and any point p ∈M ,
there exists at least one simple J-holomorphic sphere passing through p.

Proof. It suffices to show that the class [ev−1
J (p)] does not vanish in

H∗
(
M0,1(M,ωM , J ; [P1 × {pt}]);Z

)
for each regular J . Any two compatible almost complex structures onM can be connected
by a smooth path {Jt}t∈[0,1] of ωM -compatible almost complex structures, though this
family might pass through some non-regular almost complex structures. Nontheless, we
can consider the moduli space of {Jt}t∈[0,1]-holomorphic curves

M0,1(M,ωM , {Jt}; [P1 × {pt}]) = {(t, [u])|t ∈ [0, 1], [u] ∈ M0,1(M,ωM , Jt; [P1 × {pt}])},

which by forgetting [u] admits a natural projection to [0, 1]t.
3.31 Definition. Fix a compact Riemann surface (Σ, j, d volΣ) and a homology class
A ∈ H2(M ;Z). Let J0, J1 ∈ J reg

ωM
(M) be two regular ωM -compatible almost complex

structures. A homotopy [0, 1] → JωM
(M), λ 7→ Jλ from J0 to J1 is called regular (for A

and Σ) if
Ω0,1(Σ, u∗TM) = imDJλ,u + Rvλ

for every (λ, u) ∈ Mg,0(M,ωM , {Jλ};A), where vλ = (∂λJλ)du ◦ jΣ is the image in
Ω0,1(Σ, u∗TM) of the tangent vector to the path {Jλ}. We write J reg

ωM
(M,A; J0, J1) for

the space of all regular homotopies.
3.32 Proposition (Regularity in families). Let J0, J1 ∈ J reg

ωM
(M) be two regular ωM -

compatible almost complex structures. Fix a compact Riemann surface (Σ, j, d volΣ) and
A ∈ H2(M ;Z).

(i) If {Jλ}λ∈[0,1] is regular then Mg,0(M,ωM , {Jλ};A) is a smooth orientable man-
ifold with boundary Mg,0(M,ωM , J0;A) ⊔ Mg,0(M,ωM , J1;A). The boundary
orientation agrees with the orientation of Mg,0(M,ωM , J1;A) and is opposite to
the orientation of Mg,0(M,ωM , J0;A).

(ii) The set J reg
ωM

(M,A; J0, J1) is residual in the space of all smooth homotopies from
J0 to J1.
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The codimension 2 property of moduli spaces of cusp-curves for each Ji implies that
the cobordism relation holds after passing to the compactification. Moreover, by further
restricting to residual subsets we can assume that the evaluation map

ev : M0,1(M,ωM , {Jλ}; [P1 × {pt}]) →M

is transversal to p, so that ev−1(p) ∈ M0,1(M,ωM , {Jλ}; [P1×{pt}]) is a smooth compact
1-dimensional manifold with boundary ev−1

J0
(p)⊔ ev−1

J1
(p), which implies that [ev−1

J0
(p)] =

[ev−1
J1
(p)] in H0(M0,1(M,ωM , Ji; [P1 × {pt}]);Z).

This allows us to consider special ωM -compatible almost complex structures on M =
P1 × N . For instance, we can choose a split almost complex structure J = JP1 × JN
for some chosen regular almost complex structure JN ∈ J reg

ωN
(N). Using the projection

π1 : M → P1 and π2 : M → N and the fact that N is symplectically aspherical we can
show that all non-constant J-holomorphic spheres in M must be contained in the fibres
of π2, representing the class [P1] × [pt]. The previous discussions for P1 then helps us
to conclude that [ev−1

J (p)] ̸= 0 in H0(M0,1(M,ωM , J ; [P1 × {pt}]);Z), which finishes the
proof.

Proof of theorem 3.3. Assume that there exists a symplectic embedding i : Dr ↪→ ZR, by
shrinking the image of Dr if necessarily we can assume that the image is compact in ZR,
so that we can compactify ZR into the product symplectic manifold P1 × T2n−2 where
the symplectic structure on P1 is of the form (R + ε)ωFS for some ε > 0. As T2n−2

is symplectically aspherical by example 3.29, we can apply proposition 3.30 to conclude
that there exists a J-holomorphic sphere u : S →M in P1 × T2n−2 representing the class
[P1] × [pt] passing through any point of P1 × T2n−2. This curve then clearly satisfy the
identity ∫

S

u∗ωM = ω
[
P1 × {pt}

]
= (R + ε)2π.

Let us pick p = i(0) ∈ i(Dr) be the image of the origin, so that u has non-trivial
intersection with i(Dr). The pull-back i−1(u(S)) still defines a i∗J-holomorphic curve in
Dr passing through 0, and we know that if i∗J is linear, monotonicity lemma implies that

πr2 ≤
∫
i−1(u(S))

i∗ω ≤
∫
S

u∗ωM = (R + ε)2π,

which implies that r ≤ R. We cannot prove that all such pull-backs are linear, but we
can start with a linear almost complex structure J0 on Dr, and consider an extension of
i∗J0 to P1×T2n−2, which still exists due to connectedness and contractibility of JωM

(M)
2.5. The final step is to show that the space of almost complex structures with given
behaviour on i(Dr) is still big enough to give generic regularity, which can be achieved by
keeping track of the proof of the regularity theorem, using the following two facts. This
finishes the proof.

(i) The curve u(S) cannot be completely contained in the image i(Dr);

(ii) The proof of regularity requires the existence of almost complex structures with
prescribed behaviour in a small neighbourhood of an injective point of u, which
can be found in the complement of i(Dr).
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2 Problem. A symplectic 4-manifold is said to be minimal if it does not contain
any symplectically embedded spheres with negative self-intersection number. Classify
all compact minimal symplectic 4-manifolds containing a symplectically embedded
sphere with non-negative self-intersection number.

Reference: [McD90]

3 Problem. Consider the symplectic manifold (P1×P1, aωFS⊕ bωFS) where a, b > 0
are not necessarily equal. Compute H∗ (Symp0(P1 × P1, aωFS ⊕ bωFS);Z).

Reference: [Abr98]

4 Problem. Compute the symplectic mapping class group of T ∗S2.
Reference: [Sei98].

5 Problem. This is a sequence of problems that lead to the proof of an almost
hundred-year-long problem via symplectic geometry.

1. Suppose that (M,ω) is a symplectic manifold that is symplectomorphic to R4

outside a compact subset and is symplectically aspherical. Show that M is
diffeomorphic to R4 ([Gro85]).

2. Show that there does not exist Lagrangian embedding of a Klein bottle into R4

([Nem09]).

3. Let γ be a smooth Jordan curve in R2 and R ⊆ R2 a rectangle. Show that there
exists a rectangle similar to R whose vertices lie on γ ([GL21]).

(3d) Gromov-Witten invariants. The idea behind Gromov’s proof is to find ex-
istence of J-holomorphic spheres with given conditions via extracting invariants from
the moduli space of J-holomorphic curves. This happened to have close relation with
an emerging physics theory at that time, the well-known string theory. In short, a
quantum field theory of dimension 2 has configuration space the space of smooth maps

C∞(Σ,M)

for some Riemann surface Σ into some smooth manifold M . Witten observed that when
M is holomorphic, certain field theory of dimension 2 has GL(n,C)-symmetry, i.e. they
are actually holomorphic field theories, so that the configuration space should be reduced
to the space of holomorphic maps

Hol((Σ, j), (M,J))

for some complex structure j on Σ and some complex structure J on M . Integrations
on an infinite-dimensional manifolds are usually not defined, but Hol((Σ, j), (M,J)) is
usually finite dimensional, and therefore integration on Hol((Σ, j), (M,J)) makes sense
in a large scale. For given restrictions on the field theories, i.e. a bunch of cocycles
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αi ∈ H i(M ;Q) for i = 1, 2, · · · , k, so that the particles have to interact, we define the
correlation function of the field theory to be

⟨α1, α2, · · · , αk⟩GWg,A =

∫
[Mg,k(M,ω,J ;A)]

ev∗1 α1 ∧ ev∗2 α2 ∧ · · · ∧ ev∗k αk,

whenever the fundamental cycle [Mg,k(M,ω, J ;A)] is well-defined and the cocycles αi has
total degree equal to the expected dimension. These are the so-called Gromov-Witten
invariants on M .

From the lecture we see that if (M,ω) is semipositive and g = 0, then the funda-
mental cycle [Mg,k(M,ω, J ;A)] is well-defined for regular ω-compatible almost complex
structure J , and hence the Gromov-Witten invariants are well-defined. In general, we
need to perturb the moduli space of J-holomorphic curves in order to get well-defined
fundamental cycles, which we now call a virtual fundamental cycle. This was achieved
in full generality in algebraic geometry [Beh97, BF97] for coefficients in Q both cohomo-
logically and K-theoretically, and also in symplectic geometry [BX25, AMS24] recently
for cohomologies with Z- and some generalized cohomology coefficients.

When k ≥ 4, the automorphism group of P1 no longer acts on (P1)
×k transitively, and

hence the configuration space

M0,k =
{
(z1, · · · , zk) ∈

(
P1
)k∣∣∣zi ̸= zj for i ̸= j

}/
PGL2(C)

is a smooth complex manifold of dimension k−3. We can naturally compactify M0,k into
a compact smooth manifold M0,k, called Grothendieck-Knudson manifold, by adding
stable curves of genus 0 as boundaries of M0,k.
3.33 Definition. An n-labelled tree is a tuple (T,E,Λ) where (T,E) is a tree and
Λ = {Λα}α∈T is a decomposition of the index set {1, 2, · · · , n} into a disjoint union

{1, 2, · · · , n} =
⋃
α∈T

Λα.

An n-labelled tree is called stable if for each α, nα = #Λα +#{β ∈ T |(α, β) ∈ E} ≥ 3.
For each pair (α, β) ∈ E of vertices connected by an edge, let zαβ ∈ S2 be a corre-

sponding collection of points on the sphere S2, and let z1, · · · , zn ∈ S2 be a collection of
points with labelling αi ∈ T , then we call the tuple

z = ({zαβ}(α,β)∈E, {αi, zi}1≤i≤n})

a stable curve of genus 0 with n marked points if for each α ∈ T the points zαβ and zi
for αi = α are pairwise distinct.

15 Exercise. Try to determine the moduli space of 4 distinct points on P1, i.e. M0,4.
Hard: What about spaces of 5 marked points?

The compactified moduli space M0,k(M,ω, J ;A) of stable J-holomorphic curves with k
marked points in M naturally admits a forgetful map π0 : M0,k(M,ω, J ;A) → M0,k, and
together with the evaluation maps we get a map to the product space

M0,k(M,ω, J ;A) →M×k ×M0,k.
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We define the Gromov-Witten invariants as the integration

GWM
0,k,A(α1, · · · , αk; β) =

∫
[M0,k(M,ω,J ;A)]

ev∗1 α1 ∧ · · · ∧ ev∗k αk ∧ π∗
0β,

where β ∈ H∗(M0,k;Q) corresponds to “restrictions on the configurations of points” on
P1.

Kontsevich-Manin [KM94] proposed a sequence of axioms for Gromov-Witten invari-
ants which helps compute some of the Gromov-Witten invariants. Let’s simply list them
here:

• (Effective) If ω(A) < 0 then GWM
0,k,A = 0.

• (Symmetry) For each permutation σ ∈ Sk we have

GWM
0,k,A(ασ(1), · · · , ασ(k); β) = ε(σ;α)GWM

0,k,A(α1, · · · , αk; σ∗β)

where
ε(σ;α) = (−1)#{i<j|σ(i)>σ(j), degαi degαj∈2Z+1}

and σ∗β permutes the orders of the marked points.

• (Grading) If GWM
0,k,A(α1, · · · , αk; β) ̸= 0 then

∑k
i=1 degαi − deg β = 2n + 2c1(A)

where 2n = dimM .

• (Homology) For every A ∈ H∗(M ;Z) and every k ≥ 3 there exists a homology class

σA,k ∈ H2n+2c1(A)+2k−6(M
×k ×M0,k)

such that

GWM
0,k,A(α1, · · · , αk; β) = ⟨ev∗1 α1 ∪ · · · ∪ ev∗k αk ∪ π∗

0β, σA,k⟩.

• (Fundamental class)Let π0,k : M0,k(M,ω, J ;A) → M0,k be the forgetful map, then

GWM
0,k,A(α1, · · · , 1; β) = GWM

0,k−1,A(α1, · · · , αk−1; π0∗β).

In particular, this invariant vanishes if β = [M0,k].

• (Divisor) If (A, k) ̸= (0, 3) and deg(αk) = 2 then

GWM
0,k,A(α1, · · · , αk; β) =

∫
A

αk ·GWM
0,k−1,A(α1, · · · , αk−1; β).

• (Zero) If A = 0 then GWM
0,k(α1, · · · , αk; β) = 0 whenever deg(β) > 0 and

GWM
0,k,0(α1, · · · , αk; [pt]) =

∫
M

α1 ∪ · · · ∪ αk.
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• (Splitting) Fix a basis e0, · · · , eN of the cohomology H∗(M), let

gνµ :=

∫
M

eν ∪ eµ,

and denote by gνµ the inverse matrix. Moreover, fix a partition of the index set
{1, · · · , k} = S0 ∪ S1 such that ki := #Si ≥ 2 for i = 0, 1 and denote by

ϕS : M0,k0+1 ×M0,k1+1 → M0,k

the canonical map that identifies the last marked point of a stable curve in M0,k0+1

with the first marked point of a stable curve in M0,k1+1, and the first k0 marked
points are sent to S0 while the last k1 are sent to S1. Fix two homology classes
β0 ∈ H∗(M0,k0+1) and β1 ∈ H∗(M0,k1+1), then

GWM
0,k,A(α1, · · · , αk;ϕS∗(β0 × β1)) = ε(S, a)

∑
A=A0+A1

∑
ν,µ

GWM
0,k0+1,A0

(αS0 , eν ; β0)g
νµGWM

0,k1+1,A1
(eµ, αS1 ; β1).

6 Problem. Consider the complex manifold Pn. We know that the only non-trivial
spherical class in Pn is the embedded P1 ↪→ Pn. We denote it by L and write Nd =
GW P2

0,3d−1,dL([pt], · · · , [pt]; [M0,3d−1]) for the number of degree d rational curves in P2

passing through 3d − 1 generic points. Verify that the number Nd is determined by
the initial condition N1 = 1 and the recursion formula

Nd =
∑

d1+d2=d

(
d21d

2
2Nd1Nd2

(
3d− 4

3d1 − 2

)
− d31d2Nd1Nd2

(
3d− 4

3d1 − 1

))
.

Reference: [MS12, Section 7.5].

7 Problem. A fibre bundle F → P → B is hamiltonian if the structure group of
P can be reduced to Ham(F ), the group of Hamiltonian diffeomorphisms of F . Show
that if B = Pn, then there is an additive isomorphism of rational cohomology groups

H∗(P ;Q) ∼= H∗(B;Q)⊗H∗(F ;Q).

Reference: [LM03].

When k = 3, there’re no problems on moduli spaces of marked points, and we get a
3-point Gromov-Witten invariant

GWM
0,3,A : H

∗(M)⊗3 → Z.

When M is compact, using Poincaré duality we can identify H∗(M) with H∗(M), so that
we obtain a bilinear map

H∗(M)⊗H∗(M)
GW3,A−−−−→ H∗(M).
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This can be arranged into a ring structure on the singular cohomology

QH∗(M) := H∗(M)⊗Z Λ((q)),

where

Λ =

{
∞∑
i=0

λiT
ai

∣∣∣∣∣#
{
λi ̸= 0
ai < c

}
<∞ for all c > 0

}
is the Novikov ring on M , and q is a formal variable of degree 2. The definition is given
as follows: for α, β ∈ H∗(M) we define

⟨α ∗ β, γ⟩ =
∑

A∈H2(M)

GWM
0,3,A(α, β, γ)e

Aqc1(A).

This ring structure is called the quantum cup product, and the resulting ring is called
the quantum cohomology of M .

8 Problem. Compute the quantum cohomology of Pn.
Reference: [MS12, Example 11.1.12].
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4. Poincaré-Birkhoff, Arnold and Morse

In classical mechanics, one interesting problem is to understand motions of three planets
moving in the universe where they’re mutually affected by the gravitation. If one of the
planets have mass much smaller than the other two, we can neglect the effect of the
third planet and so the other two planets form the two-body problem, which is easy to
solve and we have a complete understanding of it. This type of specification is called the
restricted three-body problem.

Poincaré studied the restricted three-body problem and proposed a simple model
that contains basic difficulties of this problem, which we now refer to as Poincaré’s Last
Geometric Theorem.
4.1 Theorem (Poincaré-Birkhoff). Let A = S1× [0, 1] be the closed annulus and f : A→
A be an area-preserving diffeomorphism satisfying the twist condition, i.e. f preserves
the orientation of one of the circles and reverses the other, then f must have at least two
fixed points.

A

Figure 3: The Annulus and Twist Condition

This theorem was firstly proved by Poincaré in 1912 in some special cases, and Birkhoff
carried out a complete proof in 1913 [Bir13]. We will not talk about their proof, but rather
a method that connects this problem to the geometry of A, which can be generalized to
any dimensions, due to Arnold [Ad65].

16 Exercise. Show that the twisting condition is essential, i.e. there exists an area-
preserving diffeomorphism f : A→ A without the twist condition such that f has no
fixed point.

Hint: Rotations.

Note that A ⊆ T ∗S1 is a symplectic submanifold with boundary, so there is a canonical
1-form λA = λtau|A = −pdq on A with dλtau = dq ∧ dp defining a symplectic structure on
A. We use this as our area form, so that any area-preserving diffeomorphisms f : A→ A
are in fact symplectomorphisms.

We use the cotangent bundle coordinates, so that q ∈ S1 is periodic, and for an exam-

ple let’s look at the smooth functionH : A→ R defined byH(q, p) =
1

2
p2.

17 Exercise. Show that the H defined here has a well-defined hamiltonian flow and
satisfies the twist condition.

Note that dH = 0 iff p = 0, which implies that the critical points of H form the whole
zero section S1 ↪→ A, and in particular, the number of points on a circle is more than
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two points. Howver, we want to understand this behaviour for an arbitrary symplecto-
morphism φ : A→ A with the twist condition.

(4a) Liouville manifolds and exact Lagrangians. Let’s first try to understand
the “twist condition” geometrically. In symplectic geometry this is related to the notion
of “convexity” for boundaries of a symplectic manifold with boundary. Given a compact
symplectic manifold (M,ω) with boundary ∂M . Write NbdM(∂M) ∼= M × [−ε, 0] ↪→M
be its collar neighbourhood.
4.2 Definition. ∂M is convex if there exists a vector field Z defined in NbdM(∂M)
such that LZω = ω and Z is outward-pointing along ∂M .

One important class of convex symplectic manifolds is called Liouville domains, which
we will define here:
4.3 Definition. Let (M,ω) be an exact compact symplectic manifold with boundary
∂M and let λ be a primitive of ω. We say that (M,λ) is a Liouville domain if the
symplectic dual vector field Z of λ is outward-pointing along ∂M . The vector field Z is
called the Liouville vector field of (M,λ), and the 1-form λ is called the Liouville form
of (M,λ).

18 Exercise. Verify that the codisk bundle (D∗M,λtau) of a closed manifold M
defined by

{(x, v) ∈ T ∗M | ∥v∥ ≤ 1},

where we choose a compatible almost complex structure J on T ∗M and use the
induced Riemannian metric to define the norm, is a Liouville domain with tautological
1-form as the Liouville 1-form.

19 Exercise. Show that the cotangent bundle T ∗G of a Lie group G is trivial, i.e.
there is a bundle isomorphism T ∗G ∼= G × Rn where n = dimG. Moreover, what is
the symplectic form on G× Rn under this isomorphism?

For instance, for G = S1, one can see that D∗S1 ∼= A is symplectically the same as
A, where the orientations of ∂A = S1

in ⊔ S1
out are opposite to each other. Therefore a

symplectomorphism f : A→ A satisfying the twist condition is the same as an orientation-
preserving symplectomorphism of the annulus A regarded as a Liouville domain.

20 Exercise. Show that Diff+(A), the orientation-preserving diffeomorphism group
of A, deformation restracts to the group Symp(A) of symplectomorphisms of A.

Proof. This is basically a Corollary of Moser’s trick, where we need to find primitives of
the derivative of the one-parameter family of symplectic forms directly.

The topological facts about the structure of Diff+(A) is not related to our lecture here, so
let’s just briefly summarize what conclusion we can obtain. Firstly, any diffeomorphism
of A can be decomposed into two diffeomorphisms:

Diff+(A) = Diff+
c (A) ·Diff+

∞(A),
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where Diff+
c (A) are diffeomorphisms of A which is identity near ∂A, and Diff+

∞(A) are
orientation-preserving diffeomorphisms of A which is identity in a compact subset of
A \ ∂A. Moreover, the mapping class group Mod(A) = π0Diff

+
c (A) is known to be

isomorphic to Z, generated by the Dehn twist τ : A→ A defined by

τ(r, θ) = (r, θ + πr)

[FM12, Proposition 2.4]. Since Diff+(A) deformation retracts to Symp(A), and we can
also show that Diff+

c (A) also deformation retracts to Sympc(A), the symplectomorphisms
of A which is identity near ∂A with the same argument, we can further decompose
Sympc(A) into

Sympc(A) = Sympc,0(A) ·Mod(A).

Therefore the proof of theorem 4.1 can be divided into anlysing fixed points of f ∈
Sympc,0(A) and when f is a Dehn twist. For the first one, let’s write down the statement
as a separate proposition:
4.4 Proposition. For any symplectomorphism f ∈ Sympc,0(A) with compact support
and is symplectically isotopic to the identity, f has at least two fixed points in the interior
support {x ∈ A : fx ̸= Id} of f .

Recall that there is a short exact sequence of vector spaces

0 → ham(A) → symp(A) → H1(A;R) → 0.

21 Exercise. Show that Sympc,0(A) = Hamc(A), where Hamc(A) is the group of
Hamiltonian diffeomorphisms which are identity near ∂A.

Hint: What are the generators of H1
dR(A)?

Note that φ(S1) =: L are all Lagrangian submanifolds of A for any φ ∈ Sympc,0(A). As
ωA|L = 0, the Liouville 1-form λA|L is a closed 1-form on L.
4.5 Definition. A Lagrangian submanifold L ⊆ (M,λ) of a Liouville domain (M,λ) is
called exact if λ|L is an exact 1-form on L, i.e. there exists a smooth function f : L→ R
such that λ|L = df .

A Lagrangian isotopy it : L → M is called exact if there exists a smooth function
f : [0, 1]× L→ R such that i∗tλ = dft for each t ∈ [0, 1], where ft(·) = f(t, ·).

22 Exercise. Show that an exact Lagrangian isotopy is a Hamiltonian isotopy, i.e.
there exists smooth functions Ht : M → R such that the Hamiltonian flow φtHt

gener-
ated by Ht satisfies φtHt

(L) = it(L) for each t ∈ [0, 1].

As A = T ∗S1 ∼= S1 × R, it’s very easy to find a smooth isotopy of S1 in A without
any intersection with S1, and by isotopy extension this smooth isotopy extends to a
compactly supported diffeomorphism of A, and hence we cannot deduce Proposition 4.4
in the smooth category. There has to be some essential symplectic information involved.
This version of Poincaré-Birkhoff theorem was observed, generalized, conjectured and
proved in a special case by Arnold in [Ad65], as we will state here:
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4.6 Theorem (Arnold). Let M = T ∗Q be a cotangent bundle of a compact smooth
manifold Q equipped with the standard Liouville 1-form λM = λtau. Then for any exact
Lagrangian submanifold L ⊆M that is a graph of Q, the intersection L ∩Q has at least∑

i bi(Q) points (counted with multiplicities).
In this section, we will explain Arnold’s proof of the above theorem, via constructing

explicitly homology theories for given generic smooth functions, called Morse homology.
This is not the simplest way of proving this theorem, but will shed some lights on the
subsequent lectures.

(4b) Morse functions. The main character in the proof is so-called Morse functions.
For a smooth manifold M and a smooth function f : M → R, recall that a critical point
of f is a point p ∈ M such that dfp = 0. In this case, the restriction TT ∗M |dfp ∼=
TpM ⊕ T ∗

pM splits and so the second-order derivative d2fp of f at p is a well-defined
matrix in Matn×n(R) where n = dimM . We say that p is non-degenerate if d2fp is
non-degenerate as a matrix, i.e. det d2fp ̸= 0.
4.7 Definition. Let M be a smooth manifold. A smooth function f : M → R is called
a Morse function if all its critical points are non-degenerate.

There’re many Morse functions on a given smooth manifold, and in fact, the set of
Morse functions is dense in the space of all smooth functions on M with respect to the
C∞-topology.

23 Exercise. Show that the set of Morse functions on M is dense in C∞(M) with
respect to the C∞-topology.

Hint: Find an equivalent condition for a function to be Morse in terms of intersec-
tions of Lagrangian submanifolds in T ∗M .

4.8 Lemma (Morse Lemma). Let M be a smooth manifold and p ∈M is a non-degenerate
critical point of a smooth function f : M → R. Then there exists a local coordinate chart
(U,φ) around p such that φ(p) = 0 and

f ◦ φ−1(x1, · · · , xn) = f(p)− x21 − · · · − x2λ + x2λ+1 + · · ·+ x2n,

where λ is the number of negative eigenvalues of d2fp and is called the Morse index of
f at p.

Proof. With a choice of a chart ψ : U0 → Rn with ψ(p) = 0, the function f◦ψ−1(x1, · · · , xn)
is a smooth function on ψ(U0) with a Taylor expansion near 0 whose first three orders
can be written as

f ◦ ψ−1(x1, · · · , xn) = f(p) +
∑
i,j

aijxixj +O(∥x∥3),

and the task is to find a local diffeomorphism Ψ: Nbd0 → Nbd0 to cancel out all the
correction terms and turn the Hessian matrix into the standard normal form.

We adapt here a pretty algebraic but clear approach to construct such diffeomor-
phisms. Define

C∞(Rn)0 =
{(U, f)|0 ∈ U open, f ∈ C∞(U)}
(U, f) ∼ (V, g) iff f |U∩V = g|U∩V

,
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then we can verify that C∞(Rn)0 is a commutative ring where multiplication is multiplying
the functions and restricting to their intersections. This ring has a maximal ideal of the
form

m0 = {(U, f) ∈ C∞
0 (U)|f(0) = 0}.

One can verify that for any k ≥ 0, we can identify

C∞(Rn)0/m
k+1
0

∼=

{
a0 +

n∑
i=1

aixi + · · ·+
∑

i1+···+in=k

ai1···in

n∏
j=1

x
ij
j

}

the quotient of C∞(Rn)0 by mk
0 with the space of Taylor expansions of any smooth function

f ∈ C∞(Rn)0 near 0 up to order k.
Write

Q(x1, · · · , xn) = f(p) +
∑ ∂2f ◦ ψ−1

∂xi∂xj
xixj

be the Hessian of f at p. Set ft = (1 − t)f ◦ ψ−1 + tQ. We want to look at a smooth
family of diffeomorphisms Φt : U → Φt(U) in open subsets of Rn satisfying Φt(0) = 0 and
Φ0 = id such that ft ◦ Φt = f0. Note that any such diffeomorphism Φt induces a ring
map C∞(Rn)0 → C∞(Rn)0 and hence preserves the maximal ideal m0. Set Vt = ∂tΦ

t to
be the derivative of Φt with respect to t, which is a smooth family of vector fields on Rn

vanishing at 0, which also defines C∞
0 (M)-module homomorphisms mk+1

0 → mk
0 for each

k ≥ 0. As ft ◦ Φt ≡ f0, we have

Vt(ft) + ∂tft ◦ Φt = 0,

and therefore we aim to solve the equation Vt(ft) = −∂tft ◦ Φt for Vt. Note that ∂tft =
Q−f ◦ψ−1 := δ has zeroes of order 3 at 0, so that ∂tft◦Φt ∈ m3

0 as an element in C∞(Rn)0.
On the other hand, as Vt maps constant functions to 0, we have Vt(ft) = Vt(f0+ tδ) ∈ m1

0.
We are therefore looking at the initial value problem{

(Vt)0 = 0
Vt(f0 + tδ) = g

(4)

for any given g ∈ C∞(Rn)0. As Vt(f0 + tδ) ∈ m0, we must have g ∈ m0. As g(0) = 0, we
can write

g(x) =

∫ 1

0

d

ds
g(sx)ds =

n∑
i=1

xi

∫ 1

0

∂g

∂xi
(sx)ds =

n∑
i=1

xigi(x)

for some gi ∈ C∞(Rn)0, and hence it suffices to show existence of solutions for g = xi,
1 ≤ i ≤ n. In order to simplify the computation, we want to describe m0 in terms of
partial derivatives of f0. Write Jf0 be the ideal generated by partial derivatives of f0, i.e.
∂f0
∂xi

for each 1 ≤ i ≤ n. The non-degeneracy of d2f0 implies that

4.9 Lemma. Jf0 = m0, and hence partial derivatives of f0 also forms a set of generators
of m0.

The change of basis matrix is denoted by (aij(x)) where

xi =
n∑
j=1

aij
∂f0
∂xj

,
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which can be written in matrix form as x⃗ = A(x)∇f0 = A(x)∇(f0 − tδ) + tA(x)∇δ. As
δ ∈ m3

0, we can find a matrix B ∈ Matn×n(m0) such that ∇δ = B(x)x⃗, and hence we have
the equation

(Id−tA(x)B(x))x⃗ = A(x)∇(f0 − tδ).

Note that tA(x)B(x) ∈ Matn×n(m0), up to taking a smaller neighbourhood we conclude
that Id−tA(x)B(x) is invertible, hence we have

x⃗ = (Id−tA(x)B(x))−1A(x)∇(f0 − tδ).

This proves the existence of solutions for g ∈ m0 without the requirement that Vt(0) = 0.
To get this requirement, we need g ∈ m2

0, which is also true for δ.
Finally, by applying a linear change of basis we can turn the Hessian matrix Q of f0

into the standard normal form, which finishes the proof.

This approach of proof is called homotopy method, which is also useful in proving a lot
of different but similar flexibility results. Interesting readers can consult [AdGiZV85] for
more information.

Morse lemma implies that critical points of a smooth manifold M are isolated, and
hence if M compact, there’re only finitely many critical points.
4.10 Definition. Let f : M → R be a smooth function on a smooth manifold M . A
vector field V ∈ C∞(M,TM) is called a gradient-like vector field for f if V (f) ≥ 0
everywhere on M and V (f) = 0 iff df = 0. Conversely, for a given vector field V on M ,
a smooth function f : M → R with the above property is called Lyapunov for V .

For each critical point p and the given gradient-like vector field V , the stable manifold
W s(p) of p is the set of points x ∈M such that

lim
t→+∞

ϕtV (x) = p,

and the unstable manifold W u(p) of p is the set of points x ∈M such that

lim
t→−∞

ϕtV (x) = p.

24 Exercise. Show that for a given critical point p, the stable manifold W s(p) is an
embedded (not closed) submanifold of M with dimension Ind(f), the Morse index of
f , and the unstable manifoldW u(p) is an embedded submanifold ofM with dimension
dimM − Ind(f).

Let p and q be two critical points of f , then it’s clear that W u(p) ∩ W s(q) is the set
of points x ∈ M lying in trajectories of the gradient-like vector field V going from p to
q. Note that it starts from a positive eigenvalue of the Hessian of f at p and ends at
a negative eigenvalue of the Hessian of f at q, so we expect that in general the Morse
index of critical points decreases along trajectories of V . This is not true in general, as
depicted in the following example:
4.11 Example. Consider the two-dimensional torus T2 with a height function h : T2 → R
defined by firstly embedding T2 to R3 via the map

(θ, ϑ) 7→ ((2 + cosϑ) cos θ, sinϑ, (2 + cosϑ) sin θ),
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Figure 4: Height function on a torus.

and consider the height function h(x, y, z) = z. The critical points of h are depicted in
figure 4.

Gradient-like vector fields on T2 with respect to h are clearly projections of the vector
field ∂/∂z on R3 to T2 via the standard Riemannian metric, and we see that there’re two
flow lines going from point C to point B, but on the other hand we can compute that B
and C have Morse index 1.

25 Exercise. Compute the Morse index of all critical points in the above example.

However, we are able to perturb the Morse function or the gradient-like vector field to
make stable and unstable manifolds intersect transversely.
4.12 Theorem. A Morse pair (f, V ) of a Morse function f : M → R and a gradient-like
vector field V is called Morse-Smale if for any two critical points p and q, the stable
manifold W s(p) and the unstable manifold W u(q) intersect transversely. For any Morse
function f : M → R on a compact manifold M , there exists a Morse-Smale pair (f ′, V ′)
such that f ′ is arbitrarily close to f in the C∞-topology and V ′ is a gradient-like vector
field for f ′.

Proof. Given a pair of critical points p and q, at a point x ∈ W u(p) ∩W s(q) the stable
and unstable manifolds intersect transversely iff they intersect transversely at all points
ϕtV (x) for t ∈ R, and hence after perturbing f so that critical points of f lie in different
levels, it suffices to perturb f and V in regular level sets of f between critical points.

The intersections W u(p) ∩ f−1(r) and W s(q) ∩ f−1(r) are embedded spheres of di-
mensions Ind(p)− 1 and dimM − Ind(q)− 1 respectively, and the stable (resp. unstable)
manifolds of different critical points are disjoint from each other, so transversality theo-
rem implies that after isotoping the stable spheres we can achieve that all stable spheres
are transversal to all unstable spheres, and via isotopy extension theorem this can be
extended to a smooth isotopy of the regular level set f−1(r).

Write this isotopy as ht : f−1(r)× [0, 1] → f−1(r) with h0 = Id and h1 makes all stable
spheres transversal to all unstable spheres, we can extend it to a global diffeomorphism
H : M → M which is h1 at f−1(r) and is identity outside f−1(r − ε, r + ε) for some
small ε > 0. This global diffeomorphism then pushes the gradient vector field V to a new
vector field V ′ = H∗V which is gradient-like for the new Morse function f ′ = f ◦ H−1,
where the stable and unstable spheres at f−1(r) are transversal. As there’re discretely
many critical points, we only need to perturb finitely many times.
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From now on, we will always assume a Morse function f : M → R is Morse-Smale and
fix a corresponding gradient-like vector field V .

(4c) Morse homology. For a given Morse-Smale pair (f, V ) on a smooth manifold
M , we can define a chain complex C∗(f ;k), where k is a ring, as follows. For each k ∈ Z,
the k-th chain group Ck(f ;k) is the free k-module generated by critical points of f with
Morse index k. To define the boundary map, for each pair of critical points p and q with
Ind(p) > Ind(q), we consider the space

M̂(p, q) :=

{
x ∈M

∣∣∣∣ limt→−∞
ϕtV (x) = q and lim

t→+∞
ϕtV (x) = p

}
= W u(q) ∩W s(p).

Morse-Smale property implies that M̂(p, q) is a smooth submanifold of M of dimension
Ind(p)−Ind(q), where the flow of V provides a free R-action on M̂(p, q). Taking quotient
by R-action provides us a manifold M(p, q) of dimension Ind(p)− Ind(q)− 1.
4.13 Proposition (Compactness). Suppose f : M → R is proper, then for any se-
quence of points {xn} ⊆ M(p, q), there exists k ≥ 0 and critical points c1, · · · , ck
with Ind(p) > Ind(c1) > · · · > Ind(ck) > Ind(q) and a subsequence {xnk

} such that
xnk

converges to a broken trajectory from p to q through c1, · · · , ck, i.e. there ex-
ists y1 ∈ M(p, c1), yi ∈ M(ci−1, ci) for 2 ≤ i ≤ k and yk+1 ∈ M(ck, q) such that
limk→∞ xnk

= y1#y2# · · ·#yk+1, where y1#y2# · · ·#yk+1 is the concatenation of the
trajectories represented by y1, · · · , yk+1.

Proof. Since f is proper, M̂(p, q) ⊆ f−1[f(q), f(p)] is precompact, and hence any inte-
gral curve of V must either converging to some point in f−1[f(q), f(p)] or touching the
boundary of f−1([f(q), f(p)]).

Let Nbd(p) be a Morse chart for p, then xn(t) intersects with ∂ Nbd(p) at a point
xn(tn,−) in the intersection W u(p) ∩ ∂ Nbd(p), which is diffeomorphic to a sphere of
dimension Ind(p) − 1, and is hence compact. Similarly xn(t) intersects with ∂ Nbd(q)
at some point xn(tn,+) in the intersection W s(q) ∩ ∂ Nbd(q), so that up to passing to
subsequences we can assume that limn xn(tn,−) = y− and limn xn(tn,+) = y+ for some
points y−, y+ on the corresponding spheres.

Let y1(t) be the integral curve of V passing through y−, then properness of f implies
that either there exists t0 so that f(y1(t0)) = f(q) or limt→∞ y(t) = c1 is some critical
point c1 of f . To rule out the first case, we use the following lemma:
4.14 Lemma. Suppose that x ∈M \Crit(f) and {xn} be a sequence of points tending to
x. Let {yn} and y be points lying on the same trajectory of V as xn and x, respectively.
If f(y) = f(yn), then lim

n→∞
yn = y.

In particular, there must exist t1 < t0 so that f(y1(t1)) = f(xn(tn,+)), so that by
Lemma 4.14 xn(tn,+) → y1(t1) and hence y1(t1) = y+ lies on the stable sphere of q, and
therefore limt→∞ y1(t) = q.

Let Nbd(c1) be a Morse chart near c1, with y1(t) intersecting with the stable sphere
of c1 at point y1(t1,+), then by Lemma 4.14 we must have xn(tn,1,+) → y1(t1,+) where
xn(tn,1,+) is the point lying on the level set f−1(f(y1(t1,+))). Therefore xn enters the
Morse chart of c1 for n sufficiently large, and hence must exit Nbd(c1) at some other time
tn,2,−. As ∂ Nbd(c1) is compact, up to further passing to subsequences we can assume
that xn(tn,2,−) → y2(t2,−) for some point y2(t2,−) on ∂ Nbd(c2). Let y2(t) be the integral
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curve of V passing through y2(t2,−). Lemma 4.14 implies that limt→−∞ y2(t) = c1, and
for similar reasons limt→∞ y2(t) = c2 for some other critical points c2 of f .

Properness of f and discreteness of critical points imply that this procedure ends
at some finite steps, providing integral curves y1, y2, · · · , yk+1 connecting critical points
p, c1, c2, · · · , ck, q so that a subsequence of {xn} converges to the concatenation
y1#y2# · · ·#yk+1.

Proof of Lemma 4.14. Set U =M \Crit(f) be the open subset away from critical points,

and consider the normalized gradient-like vector field X = − 1

df(V )
V , then X is well-

defined in U whose flow satisfies

f ◦ ψtX(z) = f(z)− t, ∀z ∈ U.

We then know that
yn = ψ

f(yn)−f(xn)
X (xn) = ψ

f(y)−f(xn)
X (xn)

and
y = ψ

f(y)−f(x)
X (x).

Continuity of ψtX and f then implies that limn yn = y.

Compactness result implies that the space of broken trajectories

M(p, c1)×M(c1, c2)× · · · ×M(ck, q)

provides natural possible C0-limits of M(p, q), but we still need to investigate whether
all broken trajectories can be obtained as limits of trajectories in M(p, q). This is what
we usually called gluing analysis, which in this case can be proved directly.
4.15 Proposition (Gluing). Let

M(p, q) =
⊔
k≥0

Ind(p)>Ind(c1)>···>Ind(ck)>Ind(q)

M(p, c1)×M(c1, c2)× · · · ×M(ck, q),

regarded as quotient of a subspace ofM by the R-action on each component, then M(p, q)
is a smooth manifold with corners, and the interior of M(p, q) is M(p, q).

Proof. Note that the product

M(p, c1)×M(c1, c2)× · · · ×M(ck, q)

is a smooth manifold of dimension Ind(p)− Ind(q)− k− 1, and hence we want to regard
it as the codimension k corner stratum of M(p, q). Let’s start with looking at a baby
example, which will quickly imply the whole theorem:
4.16 Lemma. Suppose that p, c, q are critical points of f with Ind(p) > Ind(c) > Ind(q),
then there exists a smooth embedding χ : [0, ε)×M(p, c)×M(c, q) → M(p, q) such that
(0, ε)×M(p, c)×M(c, q) is mapped to M(p, q) and {0}×M(p, c)×M(c, q) is identified
with M(p, c)×M(c, q).
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Let Nbd(c) be a Morse chart for c. We write ∂+Nbd(c) for the outward boundary
of c and ∂−Nbd(c) for the inward boundary of c. Let S+(c) = W u(c) ∩ ∂+Nbd(c) and
S−(c) = W s(c) ∩ ∂−Nbd(c) be the stable and unstable spheres of c respectively, which
are spheres of dimensions Ind(c)− 1 and dimM − Ind(c)− 1 respectively.

Transversality of W s(p) with W u(c) provides a smooth submanifold P(c, p) = W s(p)∩
S+(c) of W s(p) of dimension Ind(p)− Ind(c)−1, and hence its codimension as a subman-
ifold of W s(p) is Ind(c). Pick a Riemannian metric on M and consider a tubular neigh-
bourhood of P(c, p) in W s(p). Then for a chosen trajectory x1 ∈ M(p, c), we can find an
open ball Dx1 of small radius in W s(p)∩ S+(c) containing the point p1 = x1(R)∩ S+(c),
which clearly has dimension Ind(c). Now we flow the punctured disk Dx1 \ p1 to the
negative boundary ∂−Nbd(c) and denote the resulting subset by Φ(Dx1 \ p1). We claim
that
4.17 Lemma. S−(c) is the boundary of Φ(Dx1 \ p1) in ∂−Nbd(c), making the union
Φ(Dx1 \ p1) ∪ S−(c) into a smooth manifold with boundary.

Once this is established, the unstable manifold W u(q) intersects transversely with
S−(c) along a submanifold of dimension Ind(c)− Ind(q)− 1, and with Φ(Dx1 \ p1) along
a submanifold of dimension Ind(c)− Ind(q). Note that S−(c)∩W u(q) is in bijection with
the set of all trajectories x2 ∈ M(q, c), and hence collar neighbourood of S−(c) ∩W u(q)
in W u(q) ∩ (Φ(Dx1 ∩ p1) ∪ S−(c)) provides the desired gluing map.

Proof of Lemma 4.17. To proceed the proof, it suffices for us to look at the local Morse
chart Nbd(c) ↪→ Rn of c. Locally c can be identified with 0 where the Morse function f
is of the form

f(x) = f(c) + ∥x+∥2 − ∥x−∥2,
and the gradient-like vector field V can be chosen to be

V = ∇f = 2x⃗+ · ∂

∂x⃗+
− 2x⃗− · ∂

∂x⃗−
.

The stable/unstable spheres S+(c) and S−(c) in this chart can be written as

S+(c) = {(x⃗+, 0)|∥x⃗+∥ = ε} ⊆ f−1(f(c)+ε), S−(c) = {(0, x⃗−)|∥x⃗−∥ = ε} ⊆ f−1(f(c)−ε).

The disk Dx1 is a disk of dimension Ind(c) in ∂+ Nbd(c) = f−1(f(c) + ε) that intersects
transversely with S+(c) at the point p1, so that we can write Dx1 as

Dx1 = {(h(x−), x−)|x− ∈ D0(δ)}

for some δ > 0 and some smooth function h : RInd(c) → RdimM−Ind(c), up to shrinking Dx1

if possible. The flow of V acting on points in Dx1 \ p1 can be written as

ϕtV (x) =
(
e2th(x−), e

−2tx−
)
.

If x ∈ ∂+ Nbd(c) with x− ̸= 0, then we can find t such that(
∥x−∥

∥h(x−)∥
h(x−),

∥h(x−)∥
∥x−∥

x−

)
=
(
e2th(x−), e

−2tx−
)
.

As ∥x+∥ > ∥x−∥ in this disk, we have t < 0 and
(

∥x−∥
∥h(x−)∥

h(x−),
∥h(x−)∥
∥x−∥

x−

)
∈

∂−Nbd(c). Note that as f(h(x−), x−) = f(c) + ε, we have(
∥x−∥

∥h(x−)∥
h(x−),

∥h(x−)∥
∥x−∥

x−

)
=

(
∥x−∥√

f(c) + ε− ∥x−∥2
h(x−),

√
f(c) + ε− ∥x−∥2

∥x−∥
x−

)
.

54



If we use polar coordinates (ρ, θ) ∈ (0, δ) × SInd(c)−1 for x−, then the above map can be
written as

(ρ, θ) 7→

(
ρ√

f(c) + ε− ρ2
h(ρθ),

√
f(c) + ε− ρ2 · θ

)
.

This map naturally extends to ρ = 0, with image in coordinates as{(
0,
√
f(c) + ε · θ

)∣∣∣θ ∈ SInd(c)−1
}
= S−(c).

This justifies the claim.

The last ingredient of the construction is about orientation. Recall that for a point
p ∈M , we can define an orientation on the tangent space TpM as a choice of an element
in the quotient space det(TpM)\{0}

/
R+, where R+ acts by scaling. We denote the choice

of orientation at p by op. For a smoot manifold M , an orientation on M is a choice of
sections over the quotient bundle (det(TM) \M)

/
R+. As M̂(p, q) = W s(p) ∩W u(q),

we have the short exact sequence of bundles

0 → TM̂(p, q) → TW s(p)|M̂(p,q) ⊕ TW u(q)|M̂(p,q) → TM |M̂(p,q) → 0,

which after taking det implies that

detTW s(p)|M̂(p,q) ⊗ detTW u(q)|M̂(p,q)
∼= detTM |M̂(p,q) ⊗ detTM̂(p, q).

On the other hand, at critical points p, q we have decompositions

detTpM ∼= detTpW
s(p)⊗ detTpW

u(p), detTqM ∼= detTqW
s(q)⊗ detTqW

u(q).

Therefore we get an identification

detTM̂(p, q) ∼= detTW s(p)|M̂(p,q) ⊗ detTW s(q)|−1

M̂(p,q)
.

Note that W s(p) are smooth disks, and hence a choice of orientation on TW s(p) is
the same as a choice of orientation on TpW

s(p). Therefore a choice of orientation on
detTM̂(p, q) is determined by choices of orientations of TW s(p) at each critical point p.
This allows us to provide orientations to each M(p, q) and to spaces of broken trajectories
as well, together with coherence between different strata of M(p, q), i.e. boundaries of
M(p, q) must inherit boundary orientation from its interior M(p, q).

A trajectory x ∈ M(p, q) is the same as a map x : R → M̂(p, q), so that we get an
isomorphism of bundles

x∗ detTW s(q)⊗ x∗ detTM̂(p, q) ∼= x∗ detTW s(p).

Therefore an orientation on x provides a map x∗ detTW s(q)/R>0 → x∗ detTW s(p)/R>0,
and comparing with the orientations chosen on p and q, we obtain a sign ± for x which
indicates that it preserves or reverses the orientation chosen on p.

We are now ready to define the boundary map ∂ : Ck(f ;k) → Ck−1(f ;k). For p ∈
Crit(f) with Morse index k, we define

∂(p) =
∑

q∈Crit(f)
Ind(q)=k−1

(#M(p, q)) q,
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where M(p, q) is a compact zero-dimensional manifold where each element x ∈ M(p, q) is
equipped with a sign ± as above, and hence the signed count #M(p, q) = χ (H∗(M(p, q));k)
makes sense. To check that it defines a complex, note that ∂2(p) is given by the sum

∂2(p) =
∑

r∈Crit(f)
Ind(r)=k−2

 ∑
q∈Crit(f)

Ind(q)=k−1

#M(p, q) ·#M(q, r)

 r,

where the sum of the counts
∑

#M(p, q)·#M(q, r) is the same as the count of the broken
trajectories in M(p, r) \M(p, r), which is the boundary of the compact one-dimensional
manifold M(p, r), and hence the count is zero.
4.18 Definition. We define the Morse homology of a Morse-Smale pair (f, V ) to be
the homology of the chain complex (C∗(f ;k), ∂), and denote it by HM∗(M, f ; k).

(4d) Properties of Morse homology. After the construction of Morse homology,
we first want to verify that
4.19 Proposition. Let (f, V ) and (g,W ) be two Morse-Smale pairs on a smooth man-
ifold M , then there exists a quasi-isomorphism of chain complexes

C∗(f ;k) ∼= C∗(g; k).

Proof. Note that any two Morse functions f, g are connected by a smooth family of smooth
functions ft : M → R, 0 ≤ t ≤ 1 (not necessarily Morse) where the gradient-like vector
fields can be extended correspondingly. Extending this family by constants, we obtain
an R-family of smooth functions {fs : M → R|fs = f for s ≪ 0 and fs = g for s ≫ 0}
with a family of gradient-like vector fields {Vs}. Consider the space

M(p, q; {fs}) =
{
x ∈M

∣∣∣∣ limt→+∞
x(t) = p, lim

t→−∞
x(t) = q,

dx

dt
= Vt(x(t))

}
,

of integral curves connecting critical points q of f and p of g. As in the previous section,
we can regard it as a zero set of some section of a Banach bundle W 1,p(R, TM ; p, q) →
W 1,p(R,M ; p, q), where the regularity question can be reduced to Fredholm property of
the linearized operator

d

dt
+ dVt : W

1,p(R, x∗TM) → Lp(R, x∗TM),

and for simplicity, we choose a Riemannian metric on M so that Vt = ∇ft and hence
dVt = At is the Hessian metric on M (which is then symmetric). Since Ats are symmetric,
we can choose a one-parameter family of invertible matrices Φt so that Dt = ΦtAtΦ

−1
t is

diagonal, and we arrange the eigenvalues λ1(t), · · · , λn(t) of At so that for t≪ 0 they are
in increasing order. Write ξ = (ξ1, · · · , ξn) and let T0 ∈ R be a negative real number so
that fT0 = f and fs ̸= f when s > T0, then we see that for a fixed t0 ≪ T0, solutions to
the ODE is given by

ξi(t) = e−tλ
−
i +t0λ

−
i ξi(t0)

for t ∈ R. Since ξi ∈ W 1,p(R, x∗TM), the solution ξi is non-zero only when λi(t) = λ−i < 0.
Symmetrically, we see that for t ≫ 0 such that ft = g, the solution ξi ∈ W 1,p(R, x∗TM)
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only when λi(t) = λ+i > 0. Therefore the dimension of the space of solutions is exactly
the number of eigenvalues λi(t) that change from negative to positive as t goes from −∞
to +∞, which is exactly the difference of their Morse indices, i.e. Ind(q)− Ind(p).

Compactness for this space is the same as M(p, q), so we will skip the argument.
Note that there’re no R-invariances anymore, so we have smooth compact 0-dimensional
manifolds M(p, q; {fs}) exactly when Ind(q) = Ind(p). Signed count of these moduli
spaces provide a map

C∗(f ;k)
Φfs−−→ C∗(g;k).

To show that this is a chain map, we look at the case when Ind(q) = Ind(p) + 1. In this
case, the boundary in the compactification of M(p, q; {fs}) consists of broken trajectories
of the form M(p, r; {fs})×M(r, q) and M(p, r)×M(r, q; {fs}) for some critical point r
with Ind(r) = Ind(p). This then implies that ∂g ◦Φfs = Φfs ◦ ∂f and hence Φfs is a chain
map.

Note that swapping f and g provides the other chain map Φgs : C∗(g;k) → C∗(f ;k),
and we need to verify that Φfs◦Φgs and Φgs◦Φfs are chain homotopic to the identity. To do
this, consider a generic two-parameter family Fs,t of smooth functions with Fs,0 = fs#gs
and Fs,1 ≡ f . Then we can define a chain homotopy K : C∗(f ;k) → C∗+1(f ;k) by count-
ing the moduli space M(p, q; {Fs,t}) of integral curves connecting critical points q of f and
p of f with respect to the family {Fs,t}, which is a smooth compact one-dimensional man-
ifold when Ind(q) = Ind(p) + 2. The boundary of this one-dimensional manifold consists
of broken trajectories of the form M(p, r; {Fs,t})×M(r, q) and M(p, r)×M(r, q; {Fs,t})
for some critical point r with Ind(r) = Ind(p)+1, and hence implies that Φfs ◦Φgs − Id =
∂f ◦K +K ◦ ∂f . Symmetrically, we can show that Φgs ◦ Φfs is also chain homotopic to
the identity, so that Φfs and Φgs are quasi-isomorphisms.

Therefore Morse homology HM∗(M, f ; k) is independent of the choice of Morse-Smale
pair (f, V ), and hence we can simply write HM∗(M ; k) for the Morse homology of M
with coefficients in k. Moreover, we can identify HM∗(M ; k) with the singular homology
H∗(M ; k) of M .
4.20 Proposition. Suppose that M is a compact smooth manifold, then HM∗(M ; k) ∼=
H∗(M ; k), where H∗(M ; k) is the singular homology of M .

Proof. Pick a Morse-Smale pair (f, V ) on M . Since M is compact, f must have minima
pn,1, · · · , pn,kn and maxima p0,1, · · · , p0,k0 where n = dimM . The unstable manifold
W u(p0,i) of index 0 critical points are simply points, which forms the vertices of M . For
index 1 critical points p1,1, · · · , p1,k1 , their stable manifolds W s(p1,i) must have index 0
critical points as their compactifications, and hence they provide edges connecting these
vertices. Inductively, we see that compactifications of stable manifolds W s(p) of a critical
point p of index k gives an attachment of a k-cell to a (k− 1)-skeleton in M coming from
union of stable manifolds of critical points of index < k. Finally, the union of stable
manifolds of index n critical points form n-cells attached to some (n − 1)-skeleton, and
we see that the closure should be the whole of M , and therefore a Morse function f
provides in this way a CW decomposition of M .

Now it’s clear that critical points are in bijection with cells in the CW decomposition
of M , and hence we get an isomorphism of graded modules C∗(M, f, V ; k) → CCW

∗ (M ; k).
The remaining task is to show that it’s a chain complex, which we will omit here. See
[AD14] for more details.
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4.21 Corollary (Morse inequality). Let f : M → R be a Morse function on a compact
smooth manifold M , then the number of critical points of f is at least the sum of the
Betti numbers of M , i.e. #Crit(f) ≥

∑
k bk(M ;Q).

Proof of Theorem 4.6. Suppose L = Γ(α) is an exact Lagrangian graph in T ∗Q, then
α = df is exact for some smooth function f : Q→ R, and hence the intersection points of
L with the zero section Q are exactly the critical points of f . If f is Morse then Corollary
4.21 implies that #(L ∩ Q) ≥

∑
k bk(Q;Q). Otherwise, as all such graphs are limits of

graphs of df for some Morse function f , the number of intersection points counted with
multiplicities are unchanged. We therefore conclude the proof.

26 Exercise. For Q = Tn, compute the sum of Betti numbers of Q.

27 Exercise. For M = CP n, determine its singular homology H∗(M ;Z) as a Z-
module.

Hint: CP n admits a Morse function with exactly n + 1 critical points. What is
that function?

9 Problem. As we have seen, Morse homology is built out from a sequence of spaces
coming from trajectories between critical points of Morse functions. We should be
able to get more information from the topology of these spaces than simply singular
homology. In fact, there is a notion of flow category that can be built out from
the data of Morse homology, and by taking “homology” of this flow category we can
recover the Morse homology. Explain the construction of this flow category and how
it recovers the Morse homology.

References: [CJS95, AB24].

10 Problem. There is an interesting A∞-structure on the Morse complex C∗(M, f ; k)
for a given Morse function f , which requires a deeper look at the moduli spaces of
trajectories. Explain this operadic structure and the construction of this A∞-structure
on the Morse complex.

References: [Fuk97, Hic17].
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5. Arnold’s Conjecture and Floer Homology

(5a) Preliminaries. Based on theorem 4.6, Arnold made the following two conjec-
tures.
5.1 Conjecture. Let (M,ω) be a compact symplectic manifold and L ⊆M a compact
Lagrangian submanifold, then for any Hamiltonian isotopy ϕtH of M such that ϕ1

H(L)∩L
transversely, the number of intersection points of ϕ1

H(L) with L is at least the sum of
Betti numbers of L, i.e. #(ϕ1

H(L) ∩ L) ≥
∑

k bk(L;Q).
5.2 Conjecture. Let (M,ω) be a compact symplectic manifold and Ht : M → R an
S1-family of time-dependent hamiltonian function on M . Assume that all fixed points of
the time-one map ϕ1

Ht
are non-degenerate, i.e. the graph of ϕ1

Ht
intersects transversely

with the diagonal in M ×M , then the number of fixed points of ϕ1
Ht

is at least the sum
of Betti numbers of M , i.e. #Fix(ϕ1

Ht
) ≥

∑
k bk(M ;Q).

The conjecture of Arnold for time-dependent Hamiltonian diffeomorphisms is in fact
stronger: he conjectured that the number of fixed points of ϕ1

Ht
should be at least the

number of critical points of some Morse function on M . After its announcement in
1965 [Ad65], there’re several works on certain special cases, and until 1988 where Floer
published his seminal series of papers [Flo87, Flo88b, Flo88c, Flo88a, Flo89a, Flo89b]
which resolved the conjecture for a large class of symplectic manifolds.

Floer’s approach to resolve Arnold’s conjecture is to construct a homology theory for
Lagrangian submanifolds/Hamltonian diffeomorphisms, which mimics the Morse homol-
ogy and we now call them Floer homology. There’re technical difficulties that forces
Floer to make several restrictions on the symplectic manifolds, though the difficulties
were slowly overcomed by other symplectic geometers which lead to proofs of Arnold
conjecture for wider and wider classes of symplectic manifolds. Some notable efforts are
listed here: [Oh92, FO99, LT98, Rua99]. The Arnold conjecture for Hamiltonian diffeo-
morphisms was finally resolved in full generality by Abouzaid-Blumberg [AB21] for fields
of positive characteristic and by Bai-Xu [BX22] for integers. The Lagrangian version is
much more difficult, and it is wrong for general Lagrangian submanifolds. In this lecture,
we focus mainly on Floer’s original proof and don’t go into the general situation, which
is only about a specific problem during the construction.
5.3 Theorem (Floer). Let (M,ω) be a compact monotone symplectic manifold, i.e.
there exists a constant λ > 0 such that ω(A) = λc1(A) for all A ∈ H2(M ;Z), and
Ht : M → R an S1-family of time-dependent Hamiltonian function on M . Assume that
all fixed points of the time-one map ϕ1

Ht
are non-degenerate, then the number of fixed

points of ϕ1
Ht

is at least the sum of Betti numbers of M , i.e. #Fix(ϕ1
Ht
) ≥

∑
k bk(M ;Q).

5.4 Theorem (Floer). Let (M,ω) be a compact symplectic manifold and L ⊆ M
a compact Lagrangian submanifold such that π2(M,L) = 0, i.e. any smooth map
u : (D2, ∂D2) → (M,L) is null-homotopic, then for any Hamiltonian isotopy ϕtH of M
such that ϕ1

H(L) ∩ L transversely, the number of intersection points of ϕ1
H(L) with L is

at least the sum of Betti numbers of L, i.e. #(ϕ1
H(L) ∩ L) ≥

∑
k bk(L;Q).

28 Exercise. Show that π2(M,L) = 0 implies that M is symplectically aspherical.

Let’s provide a formal definition of the first Chern class.
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5.5 Definition. LetM be a compact smooth manifold with an almost complex structure
J . The first Chern class of M is the Poincaré dual of the zero locus of a generic section
of the complex line bundle det(TM, J), where det(TM, J) is the top wedge product of
the complex vector bundle (TM, J).

Let’s warm up with a proof of theorem 5.3 in the special case when Ht is independent
of time.
5.6 Proposition. Suppose H : M → R is a time-independent Hamiltonian function
on a compact symplectic manifold M whose time-1 periodic orbits are non-degenerate,
then the number of periodic orbits of H is at least the sum of Betti numbers of M , i.e.
#{periodic orbits of H} ≥

∑
k bk(M ;Q).

Proof. Note that constant periodic orbits of H are exactly the critical points of H, and
they are non-degenerate iff they are non-degenerate as critical points. We then conclude
the proof by applying Corollary 4.21 to H.

29 Exercise. Suppose that Ht : M × S1 → R is a smooth time-dependent Hamil-
tonian function on a compact symplectic manifold M , then all its non-degenerate
periodic orbits of H are isolated.

Proof. Suppose that {γn : S1 →M} is a sequence of periodic orbits of XHt that converges
to a periodic orbit γ∞, then we can pick a sequence of points pn ∈ γn that converges to
a point p∞ ∈ γ∞. Since γn is a periodic orbit, we have ϕtnHt

(pn) = pn and ϕt∞Ht
(p∞) = p∞.

Pick a compatible almost complex structure J and consider the induced Riemannian
metric gJ . We can then find unit tangent vectors vn ∈ Tp∞M such that the geodesic curve
αvn(t) with initial conditions αvn(0) = p∞ and α̇vn(0) = vn satisfies αvn(d(pn, p∞)) = pn.
We then get a sequence of vectors {vn} ⊆ STpM which has a convergent subsequence to
some unit tangent vector v∞ ∈ STp∞M .

Now consider the map dϕt∞Ht
: TpM → TpM . By definition, we have

dϕt∞Ht
(v∞) = lim

n→∞
dϕtnHt

(vn) = lim
n→∞

d

dt

∣∣∣∣
t=0

ϕtnHt
(αvn(t))

= lim
n→∞

lim
t→0

ϕtnHt
(αvn(t))− p∞

t

= lim
n→∞

pn − p∞
d(pn, p∞)

= v∞,

where starting from the second line we pick a coordinate chart near p and suppose n is
sufficiently large so that pn lies in this chart. This implies that dϕt∞Ht

must have eigenvalue
1, which contradicts the non-degeneracy of γ∞.

30 Exercise. Show that 1-periodic orbits of a time-dependent Hamiltonian func-
tion Ht : R ×M → R are the same as 1-periodic orbits of another time-dependent
Hamiltonian function Kt : S1 ×M → R, and hence it suffices to consider a S1-family
of Hamiltonian functions.

Hint: Suppose α : [0, 1] → [0, 1] is a monotonically increasing smooth function that
is 0 of infinite order near 0 and is 1 of infinite order near 1. What is the Hamiltonian
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family associated to the flow ϕ
α(t)
Ht

?

(5a-i) The Lagrangian Grassmannian and Maslov index. We collect here the
definitions of the Lagrangian Grassmannian, the Maslov index, and the Conley-Zehnder
index, which will be used throughout.
5.7 Definition. We define the Lagrangian Grassmannian LGr(V ) of a symplectic
vector space (V, ω) to be the set of Lagrangian subspaces of V .

To equip LGr(V ) with a topology, note that it’s a subspace of the Grassmannian
Gr(n, n) of n-dimensional subspaces of V , and hence inherits a topology from the Grass-
mannian. Alternatively, note that

31 Exercise. Sp(2n) acts transitively on LGr(V ), and the stabilizer of a given
Lagrangian subspace L ∈ LGr(V ) can be identified with the group St(V ) of “upper-
trangular” symplectic matrices.

Proof. Given Lagrangian subspaces L0 and L1, we pick complementary Lagrangian sub-
spaces K0, K1 so that L0 ⊕K0 = L1 ⊕K1 = V . Then for arbitrary choice of basis on Li
and Ki, the linear map S : V → V sending corresponding basis of L0 to L1 and K0 to K1

is a symplectomorphism.
Identifying V with R2n, we can consider the Lagrangian subspace L0 = Rn×{0} ⊆ V .

Then any symplectic matrix can be written as the block form

S =

(
A B
C D

)
,

and we have shown in Lemma 3.2 what these matrices should satisfy. Sending Rn × {0}
to itself implies that Cv = 0 for any vector v ∈ Rn, and hence C = 0, so the stabilizer of
Rn × {0} is exactly the group of upper-triangular symplectic matrices.

The exercise shows that LGr(V, ω) is a smooth manifold, and let’s investigate its tangent
bundle. Fix a Lagrangian subspace L0 ∈ LGr(V, ω) and a Lagrangian subspace K0 com-
plement to L0, we can identify an open neighbourhood of L0 in LGr(V, ω) with a subspace
of the space of linear maps hom(L0, K0) from L0 to K0: for each A ∈ hom(L0, K0), the
corresponding Lagrangian subspace in LGr(V ) is the graph

LA = {(v,A(v)) : v ∈ L0}.

32 Exercise. Prove that LA is a Lagrangian subspace of V iff A is symmetric.

In particular, we can identify locally any curve L(t) of Lagrangian subspaces with a curve
A(t) of symmetric matrices, and hence the tangent space v ∈ TL0LGr(V ) of LGr(V ) at
a Lagrangian subspace L0 can be identified with the space of symmetric bilinear forms
on L0.

Fix L0 ∈ LGr(V ), then the Lagrangian Grassmannian LGr(V ) also admits a strati-
fication

LGr(V ) = LGr(V, L0)0 ⊇ LGr(V, L0)1 ⊇ · · · ⊇ LGr(V, L0)n = {L0},
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relative to L0, by the dimension of the intersection L ∩ L0. A tangent vector v ∈
TL0LGr(V ) belongs to TL0LGr(V, L0)k if the symmetric bilinear form a : L0 → K0 cor-
responding to v has kernel of dimension at least k.
5.8 Definition. Fix a curve L : [a, b] → LGr(V ) of Lagrangian subspaces. A crossing
of L relative to L0 is a point t ∈ [a, b] such that L(t0) ∈ LGr(V, L0)1. A crossing t
is regular if the corresponding tangent vector v ∈ TL(t)LGr(V ) is non-singular when
restricted to L(t0) ∩ L0, and is simple if furthermore L(t0) ∈ LGr(V, L0)1.

Note that simplicity is the same as saying L is transversal to LGr(V, ω)1. Given
bilinear form A : W ⊗W → R on a real vector space W , we define its signature sgn(A)
to be the number of positive eigenvalues of A minus the number of negative eigenvalues
of A.
5.9 Definition. The Maslov index of a path L(t) with respect to a given Lagrangian
subspace L0 is defined to be the sum of signatures

µ(L,L0) =
1

2

(
sgnA(b)|L0∩L(a) + sgnA(a)|L0∩L(b)

)
+
∑
a<t<b

sgnA(t)|L0∩L(t).

For convenience, we write A(t) =: Γ(L′(t), L0; t) to be the crossing form of L(t) at t with
respect to L0.

Note that if L(t) does not pass through LGr(V, L0)1, then L0 ∩L(t) = {0} and hence
sgnA(t)|L0∩L(t) = 0. Since regular crossings are clearly isolated, this sum is well-defined
and finite.

(5a-ii) The Conley-Zehnder index. The index µCZ(γ, [Γ]) associated to a con-
tractible Hamiltonian loop is called the Conley-Zehnder index of (γ, [Γ]), which is de-
fined as follows: a map Γ: D2 → M induces a symplectic vector bundle Γ∗TM → D2

over the closed disk D2, where the linearized Hamiltonian flow dϕtHt
on ∂D induces a one-

parameter family of linear symplectomorphisms dϕtHt
|γ(t) : Tγ(0)M → Tγ(t)M , and under

a chosen trivialization Γ∗TM ∼= D × R2n, we can identify dϕtHt
as a smooth family of

symplectic matrices S : [0, 1] → Sp(2n) with S(0) = Id.
Consider the following stratification

Sp(2n) ⊇ Sp1(2n) ⊇ · · · ⊇ Spn(2n) = {Id}

of Sp(2n) by the number of eigenvalues equal to 1, then it’s clear that Spk(2n) is a
submanifold of Sp(2n) of codimension k(k+1)/2. Roughly speaking, the Conley-Zehnder
index µCZ(γ, [Γ]) should be the intersection number of the path S : [0, 1] → Sp(2n) with
the compactification Sp1(2n), which is called the Maslov cycle.

This intersection is, however, non-generic, and hence we have to count intersection
numbers with multiplicities.
5.10 Definition. Let Ψ: [0, 1] → Sp(2n) be a path from Id to a non-degenerate sym-
plectic matrix Ψ(1), then the Conley-Zehnder index is the Maslov index

µCZ(Ψ) = µ(Gr(Ψ),∆)

in the product symplectic vector space (V ⊕ V, ω ⊕−ω).
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It’s difficult in general to compute the index, but we can do this in special cases, for
example for non-degenerate constant orbits of a time-independent Hamiltonian function
H. Pick a Darboux neighbourhood U(p) of this non-degenerate constant orbit p ∈M , so
that we can write

XH =
n∑
i=1

−∂H
∂pi

∂

∂qi
+

n∑
i=1

∂H

∂qi

∂

∂pi
,

which is 0 at 0. Suppose that {xs} is a curve in U(p) with x0 = 0 and ẋ0 = v, then we
can compute that

(dϕtH)0(v) = lim
s→0

ϕtH(xs)− ϕtH(0)

s

= lim
s→0

(
1

s

∫ t

0

(XH(xs)−XH(x0))dτ +
1

s

∫ t

0

x′sdτ

)
= v + t(dXH)0(v),

where dXH is exactly the Hessian matrix of H, and is hence non-degenerate by as-
sumption. Therefore the curve (dϕtH)0 passes through Sp1(2n) only when t = 0, whose
derivative with respect to t is the symmetric matrix dXH : T0R2n → T0R2n, which is ex-
actly the symmetric bilinear form on ∆ ⊆ V ⊕ V that contributes to the computation of
the Conley-Zehnder index. We therefore conclude that

33 Exercise. µCZ(p) = 1
2
sgn d2Hp = n−Indp(p) for a non-degenerate constant orbit

p of a time-independent Hamiltonian function H.

(5a-iii) Dependence on cappings and the minimal Chern number. The
Conley-Zehnder index determines the dimension of the moduli space, but it depends
on the choice of cappings Γ of a given Hamiltonian loop γ. Suppose Γ1,Γ2 are two cap-
pings of γ, then we obtain two different trivializations of the symplectic vector bundle
γ∗TM → S1, and the difference between them provides a loop of symplectic matirces
S1 → Sp(2n), if we fix a base point 1 ∈ S1. Recall the polar decomposition formula for
special linear matrices:
5.11 Proposition ([Hal03, Proposition 2.19]). Any S ∈ GL(n,R) admits a unique de-
composition

S = UeX

where U ∈ O(n) is an orthogonal matrix and X is real and symmetric.

Proof. Note that the matrix STS is always positive definite and self-adjoint, so we can
take the square root matrix

√
STS which is still positive definite, self-adjoint, and has

determinant 1. We can therefore find a symmetric matrix X such that
√
STS = eX . Now

let U = Se−X , then we can verify that

UUT = Se−Xe−XST = S(STS)−1ST = Id = UTU,

which implies that U is orthogonal.
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34 Exercise. Show that Sp(2n) ∩ O(2n) = U(n), where U(n) is the unitary group
of n× n complex matrices by identifying R2n ∼= Cn.

35 Exercise. Show that for a symplectic matrix S ∈ Sp(2n) ⊆ GL(2n,R), under
the polar decomposition

S = UeX

where U is unitary and X should furthermore satisfy Xω + ωX = 0.

In particular, Sp(2n) is homotopic equivalent to U(n), and hence

π1(Sp(2n), 1) ∼= π1(U(n), 1) ∼= Z

is determined by (an extension of) the determinant function det : U(n) → S1.
On the other hand, we can glue the cappings Γ1 and Γ2 to obtain a symplectic vector

bundle over the sphere Γ1#Γ2 : S2 → M , which is trivial iff there exists a global non-
vanishing section over S2. Consider a triangulation of S2 where the equator is the 1-
skeleton with two 2-cells attached to it. Since Sp(2n) is connected it’s easy to construct
a section on the 1-skeleton, and the obstruction to extend it to the 2-cells is exactly
given by the representative of the 1-skeleton S1 ↪→ S2 in π1(Sp(2n)) ∼= Z, and hence this
representative in Z ∼= π1(Sp(2n), 1) is the same as c1([Γ1#Γ−1

2 ]) =: c1(A).
We want to compare the Conley-Zehnder index of this loop S1 Ψ−→ Sp(2n) through

Id with the Chern number c1(A). We will not prove this fact, but it will turn out that
µCZ(Ψ) = 2c1(A), and therefore the Conley-Zehnder index of a Hamiltonian loop γ is
well-defined up to twisting by 2c1(A) for A ∈ H2(M ;Z).
5.12 Definition. Given a symplectic manifold (M,ω) with c1 : H2(M ;Z) → Z, we
define the minimal Chern number mC(M,ω) of M to be the minimum of |c1(A)| over
all elements of A ∈ H2(M ;Z) such that c1(A) ̸= 0.

(5b) Hamiltonian Floer homology. The main idea of the proof of Theorem 5.3
is to find a proper space so that 1-periodic orbits of Ht can be regarded as critical points
of some smooth function, and then to mimic the construction of Morse homology. We
now carry this out in detail.

(5b-i) The action functional and Floer’s equation. Recall from physics that
for a loop γ : S1 → T ∗Q, the action of γ is defined by

A(γ) =

∫
S1
λtau −

∫ 1

0

Ht(γ(t)) dt.

For a general compact symplectic manifold (M,ω), the action functional is not well-
defined on an arbitrary orbit γ, due to the problem that a symplectic structure is not
exact. To fix this, we consider an abelian cover of the space of contractible loops

L̃c(M) =
{
(γ, [u])

∣∣∣ u∈C∞(D2,M),γ=u(∂D2)
u1≃u2⇔u1 is homotopic to u2 rel ∂D2

}
,

so for each (γ, [u]) ∈ L̃c(M), the action functional of (γ, [u]) is given by the integral

A(γ, [u]) =

∫
D2

u∗ω −
∫ 1

0

Ht(γ(t)) dt.
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This action functional defines a differentiable function on the infinite-dimensional Fréchet
manifold L̃c(M). To compute its differential, note that a curve in L̃c(M) is a map
Γ: (−ε, ε) × S1 → M , so that for a given vector field ξ ∈ Tγ(L̃c(M)) = C∞(S1, γ∗TM),
we can compute the differential as

dA(ξ) =
∂

∂s

∣∣∣∣
s=0

A (Γ(s,−)) =

∫
D2

ω(ξ, γ̇)−
∫ 1

0

dHt(ξ) dt =

∫
D2

ω (ξ, γ̇ −XH) .

For a chosen J ∈ Jω(M), we have a natural L2-metric on L̃c(M) given by

⟨ξ, η⟩L2 =

∫ 1

0

gJ(ξ(t), η(t)) dt =

∫ 1

0

ω(ξ(t), Jη(t)) dt,

so we see that the gradient vector field of A under gJ is

⟨∇A, ξ⟩L2 =

∫
D2

⟨ξ, J(XH − γ̇)⟩,

i.e. ∇A = J(XH − γ̇). Therefore critical loops of A are exactly the 1-periodic orbits of
H, and the negative gradient flow of A from γ+ to γ− is given by a map u : R×S1 →M
satisfying the equation 

∂u

∂s
+ J

(
∂u

∂t
−XH

)
= 0

lim
s→+∞

u(s, t) = γ+(t)

lim
s→−∞

u(s, t) = γ−(t)

(5)

This is called the Floer’s equation for a given time-dependent family of Hamiltonian
functions. Note that this equation is a perturbation of the non-linear Cauchy-Riemann
equation ∂̄Ju = 0 by the Hamiltonian vector field XH . As the perturbation term has
order 0, it is a compact operator and hence does not affect the major properties of the
differential operator, meaning that regularity and Fredholm property of the linearized
operator still holds.

As in the construction of Morse homology, we want to understand the space of tra-
jectories

M̂(γ−, [Γ−], γ+, [Γ+]; J,A) = {u : R× S1 →M |(5), [Γ−#u#Γ+] = A}

for given pairs (γ−, [Γ−]) and (γ+, [Γ+]) of Hamiltonian periodic orbits of Ht, where A ∈
H2(M ;Z) is a spherical class and Γ−#u#Γ+ is the sphere given by gluing to u the two
cappings Γ− and Γ+.

Γ− u Γ+

Figure 5: Trajectory u and cappings.

Recall the definition of energy of a curve u : R× S1 →M is given by

E(u) =

∫
R×S1

|du|2ds dt = 2

∫
R×S1

u∗ω +

∫
R×S1

|XH |2ds dt.
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On the other hand, we have

A(γ+, [Γ+])−A(γ−, [Γ−]) = ω(A) +

∫ 1

0

|XH |2ds dt,

where it’s clear that ω(A) ≥
∫
R×S1

u∗ω. Therefore E(u) <∞ for all such u.

(5b-ii) Regularity. The transversality framework for the Floer equation is the
same as the non-linear Cauchy-Riemann equation, where we consider the completion
of C∞(S1×R,M ; γ−, γ+;A) by the W 1,p-norm, and regard the space of trajectories as so-
lutions to a differential operator on the tangent bundle T 0,1W 1,p(S1×R,M ; γ−, γ+;A) →
W 1,p(S1×R,M ; γ−, γ+;A). The regularity question is about surjectivity of the linearized
Floer operator

Du,J,Ht(ξ) := ∂̄Jξ +∇ξJ

(
∂u

∂t
−XHt

)
− J∇ξXHt ,

defined on the space ofW 1,p-sectionsW 1,p(R×S1, u∗TM ; γ−, γ+;A) with given asymptotic
conditions. We hope to achieve surjectivity of Du,J,Ht for generic choice of the data
(J,Ht) ∈ Jω × H, where H is the space of time-dependent Hamiltonian functions on
M . In this case, a stronger result can be achieved: for fixed J ∈ Jω(M), we can find a
residual subset Hreg

J ⊆ H to achieve regularity. This is encoded in the following theorem:
5.13 Theorem. Let (M,ω) be a compact symplectic manifold and J ∈ Jω(M) a com-
patible almost complex structure, then the following holds.

(i) the linearized operator

Ds(u,J,Ht) : TuW
1,p(R× S1,M ; γ−, γ+;A)× THtH → Lp(R× S1, u∗TM)

(Y, h) 7→ Du,J,Ht(Y ) +∇h(u)

is split surjective.

(ii) For every non-degenerate Hamiltonian {Ht}, every J ∈ Jω(M) ω-compatible and
every u ∈ M(γ−, [Γ−], γ+, [Γ+]; J,A), the linearized operator Du,J,Ht is Fredholm
of index µCZ(γ+, [Γ+])− µCZ(γ−, [Γ−]).

(iii) The projection dπ : TuW 1,p(R× S1,M ; γ−, γ+;A)× THtH → THtH is Fredholm.

(5b-iii) Compactness. As in the discussion of Morse homology 4, we want to quo-
tient the moduli space M̂(γ−, [Γ−], γ+, [Γ+]; J,A) by the R-action given by translation in
the s-direction, so that we get the unparametrized moduli space of trajectories

M(γ−, [Γ−], γ+, [Γ+]; J,A) = M̂(γ−, [Γ−], γ+, [Γ+]; J,A)/R.

In particular, when µCZ(γ+, [Γ+])−µCZ(γ−, [Γ−]) = 1, the moduli space M(γ−, [Γ−], γ+, [Γ+]; J,A)
is a 0-dimensional manifold, and we want to count the number of trajectories appearing
in this moduli space. This requires again compactness of this moduli space, which will
now be closer to the Uhlenbeck-Gromov compactness theorem.
5.14 Theorem. Let {un} be a sequence of trajectories in M̂(γ−, [Γ−], γ+, [Γ+]; J,A),
then in a possible limit the following situation will arise:
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• Bubbles or trees of bubbles appear at some of the points in R × S1, just as what
happens in the Uhlenbeck-Gromov compactness theorem.

• The trajectory R × S1 breaks into several pieces, each of which connects a pair of
Hamiltonian loops with decreasing Conley-Zehnder indices in order.

u1
u2

Figure 6: Possible breakings of a trajectory.

Note that when a bubble sphere arises, the dimension of the moduli space of the main
component has to drop dimension by 2c1(A). Recall from Morse theory that we only cares
about moduli spaces of dimension 0 and 1, so if 2c1(A) > 1, i.e. c1(A) > 0, then the bubble
will not contribute to the count of trajectories. This is guaranteed by monotonicity, i.e.
c1(A) = λω(A) > 0 for all non-constant holomorphic spheres representing class A.

(5b-iv) Gluing. In addition to compactness, as in the discussion of Morse complex
4, we need to understand how the compactified strata gets attached to the main stratum
of the moduli space. This is referred to as gluing of moduli spaces (of pseudo-holomorphic
curves).

We will not go into the details as it involves hardcore functional analysis, but let’s just
briefly explain the ideas: given a broken trajectory u1#u2, we can construct a smooth
strip us : S ×R →M which coincides with u1 and u2 near the two ends of the strip, and
is a smoothing of u1(S × R) ∪ u2(S × R) in a neighbourhood of the connecting critical
chord. This construction clearly provides us a smooth family approaching u1#u2, and
now we want to perturb it to achieve J-holomorphicity. This is accomplished by an
infinite-dimensional version of implicit function theorem. As a consequence, we conclude
that
5.15 Theorem. Suppose (M,ω) is monotone, then for generic choice of Ht, the moduli
space of trajectories

M(γ−, [Γ−], γ+, [Γ+]; J,A)

of dimension ≤ 1 can be compactified into a smooth manifold with boundary consisting
of broken trajectories

M(γ−, [Γ−], γ0, [Γ0]; J,A)×M(γ0, [Γ0], γ+, [Γ+]; J,A),

where µCZ(γ+, [Γ+])− µCZ(γ0, [Γ0]) = 1 and µCZ(γ0, [Γ0])− µCZ(γ−, [Γ−]) = 1.

(5b-v) Orientation. In order to achieve arbitrary ring coefficients, as in section 4,
we need to equip the moduli space of trajectories and broken trajectories with coherent
orientations, such that the orientation assigned on the moduli space of broken trajectories
coincides with the boundary orientation.
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5.16 Definition. Determinant line of an infinite-dimensional vector space V do not
in general make sense, but for a Fredholm operator D : V → W , we can define its
determinant line detD to be the tensor product

detD =

top∧
kerD ⊗

top∧
(cokerD)∨.

For each moduli space M(γ−, [Γ−], γ+, [Γ+]; J,A), recall that they are zero locus of
a section s : C∞(R × S1,M ; γ−, γ+;A) → T 0,1C∞(R × S1,M ; γ−, γ+;A), where the lin-
earization Du,Ht,J is Fredholm and surjective, and hence we have a natural determinant
line bundle detD = det kerDu,Ht,J over the moduli space M(γ−, [Γ−], γ+, [Γ+]; J,A). To
get a coherent orientation, we also need to assign natural orientations on the pairs (γ, [Γ])
of Hamiltonian loops and their cappings.

The capping Γ: D2 → M provides a trivialization of the symplectic vector bundle
Γ∗TM ∼= D2 × R2n, and we can extend it to a symplectic vector bundle C × R2n by
attaching a trivial copy of the product S1 × [1,+∞)×R2n to it. Let Bz : C → End(R2n)
be a 2-parameter family of matrices such that Bz|S1×[1,+∞) = XHt is the vector field XHt ,
and let I : R2n → R2n be an ω-compatible complex structure on the bundle C×R2n which
is an extension of the pull-back complex structure from Γ: D2 →M .

We can then define a partial differential operator

DB,I : W
1,p(C,R2n) → Lp(C,R2n)

ξ 7→ ∂sξ + I(∂tξ −Bzξ)

whose solutions are sections of the symplectic vector bundle C×R2n which are asymptotic
to the Hamiltonian loop γ at infinity. It’s standard that DB,I is Fredholm, so we have a
well-defined determinant line bundle detDB,I over the whole of C. We regard this as the
determinant line bundle associated to the pair (γ, [Γ]).

With a similar argument as in Morse homology but with stable manifolds replaced by
kernels and cokernels of the Floer operator, we can show that this construction provides
for each pair ((γ−, [Γ−]), (γ+, [Γ+])) a canonical isomorphism

detDu,Ht,J
∼= detDB−,I− ⊗ detD∨

B+,I+
,

so that for an arbitrary choice of orientations on each pair (γ, [Γ]), we get corresponding
signs on each of the trajectories in M(γ−, [Γ−], γ+, [Γ+]; J,A). See [Abo15] for more
details.

(5b-vi) The Floer complex. With all these preparations we are now ready to
construct the Floer complex. For a generic non-degenerate S1-family of hamiltonian
functions {Ht} on a monotone symplectic manifold (M,ω), we define the Floer complex

CF∗(M ;Ht; k) =
⊕

γ∈Pc(H)

Λk⟨γ⟩[−µCZ(γ, [Γ])]

to be the Z/2mC(M,ω)Z-graded free Λk-module generated by contractible Hamiltonian
orbits γ, where differentials are given by

∂(γ) =
∑

β∈Pc(H)
µCZ(β,[Γ′])=µCZ(γ,[Γ])−1

∑
A∈H2(M ;Z)

#M(γ, [Γ], β, [Γ′]; J,A)T ω(A) · β.

68



From the gluing and orientation theorems it follows that ∂2 = 0, so the Hamiltonian
Floer homology

HF∗(M ;Ht; k) = H∗(CF∗(M ;Ht; k), ∂)
is well-defined.

(5b-vii) Hamiltonian invariance. Note that the Hamiltonian Floer homology, in
its definition, relies on a choice of the one-parameter family of hamiltonian functions Ht

and an almost complex structure J ∈ J reg
ω . However, we will show in this subsection

that the Floer homology is independent of the choices, and hence provides an invariant
of the symplectic manifold (M,ω).

For this reason, we call a pair F = (Ht, Jt) a Floer datum for the symplectic manifold
(M,ω). The space of Floer data is always connected, so any two generic Floer data
F0 = (H0

t , J
0
t ) and F1 = (H1

t , J
1
t ) can be connected by a smooth path {Fs}0≤s≤1 of Floer

data.
5.17 Proposition. For given two generic Floer data F0, F1, there exists a canonical
chain map

CF∗(M ;H0
t , J

0
t ; Λk) → CF∗(M ;H1

t , J
1
t ; Λk)

that induces an isomorphism on homology.
For this reason, we can simply write HF∗(M ;F ; Λk) = HF∗(M ; Λk).

Proof. The procedure is the same as in section 4, when we show that Morse homology
does not depend on the choice of Morse functions. We consider the moduli space of
trajectories

M(γ−, [Γ−], γ+, [Γ+]; {Fs}, A) =
{
u : R× S1 →M

∣∣∣∣ ∂su+ Js,t(∂tu−XHs,t) = 0
(5), [Γ−#u#Γ+] = A

}
,

which breaks the R-symmetry and similar analytic properties, so that for generic choice
of the family {Fs} the moduli space M(γ−, [Γ−], γ+, [Γ+]; {Fs}, A) is a smooth manifold
of dimension µCZ(γ+, [Γ+])− µCZ(γ−, [Γ−]). Uhlenbeck-Gromov compactness still works
in this case, where we can see the possible degenerations are of the form

M(γ−, [Γ−], γ0, [Γ0];F0, A0)×M(γ0, [Γ0], γ+, [Γ+]; {Fs}, A− A0)

or
M(γ−, [Γ−], γ0, [Γ0]; {Fs}, A− A1)×M(γ0, [Γ0], γ+, [Γ+];F1, A1)

when the moduli space has dimension ≤ 1.
In particular, when µCZ(γ+, [Γ+]) − µCZ(γ−, [Γ−]) = 0, the moduli space is compact

and we can count the number of trajectories in M(γ−, [Γ−], γ+, [Γ+]; {Fs}, A) to define a
chain map

CF∗(M ;H0
t , J

0
t ; Λk) → CF∗(M ;H1

t , J
1
t ; Λk).

When µCZ(γ+, [Γ+]) − µCZ(γ−, [Γ−]) = 1, the moduli space is a compact 1-dimensional
manifold with boundary consisting of broken trajectories, which gives the chain map
relation, and hence this map descends to a map of homology. By reversing the family we
get an opposite chain map

CF∗(M ;H1
t , J

1
t ; Λk) → CF∗(M ;H0

t , J
0
t ; Λk),

and by looking at a two-parameter family of Floer data connecting the identity family to
the composition of the two families, we can show that the composition of these two chain
maps is homotopic to the identity, and hence induces an isomorphism on homology.
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(5b-viii) Proof of Arnold’s conjecture for Hamiltonian diffeomorphisms.
Since Hamiltonian invariance we can simply pick H to be time-independent, though
there’re still questions concerning whether all 1-periodic orbits of H are constant. This
can be achieved once H is sufficiently small.
5.18 Proposition. Let H : R2n → R be a smooth function and we identify XH with a
vector field on R2n. If ∥dXH∥ < 2π where the norm is taken with respect to the standard
symplectic and complex structure on R2n, then the only solutions of period 1 of the
Hamiltonian system associated with H are the constant solutions, i.e. critical points.

Proof. For each curve γ : S1 → R2n, consider its Fourier expansion

γ(t) =
∑
k∈Z

e2πiktγk, γ̇(t) =
∑
k∈Z

2πike2πiktγk.

Parseval’s identity implies that

∥γ̈∥2L2 =
∑

4π2k2|γ̇k|2 ≥ 4π2
∑
k ̸=0

|γ̇k|2 = 4π2∥γ̇∥2L2 .

We therefore have
∥γ̇∥2L2 ≤

1

2π
∥γ̈∥L2 .

On the other hand, as γ̈ = (dXH)γ · γ̇, the condition implies that

∥γ̈∥L2 < 2π∥γ̇∥L2 if γ̇ ̸= 0,

and hence we must have γ̇ = 0 so that γ is constant.

5.19 Proposition. Suppose that (M,ω) is a compact symplectic manifold andH : M →
R is a smooth function that is C2-sufficiently small, then the only solutions of period 1
of the Hamiltonian system associated with H are the constant solutions.

Proof. First note that if γ : S1 → M is a 1-periodic solution of the Hamiltonian system
associated with H, then we have the inequality

d(γ(t), γ(0)) ≤
∫ t

0

∥XH(γ(s))∥ds ≤ t · sup
x∈M

∥XH(x)∥,

so after picking a Darboux cover of M , if H is C1-sufficiently small then all 1-periodic
orbits of H are contained in a single Darboux chart, and since H is furthermore C2-
sufficiently small, we can apply the previous proposition to conclude that all 1-periodic
orbits of H are constant.

The two propositions allow us to choose a smooth Morse function H which is C2-
sufficiently small (by simply rescaling any given Morse functions) so that we get a bijective
correspondence between generators of CF∗(M ;H; Λk) and CM∗(M ;H; Λk). This is not
enough: we still need to understand the relation between their differentials.

Proof of Theorem 5.3. Suppose that (H,∇H) is a Morse-Smale pair, then we see that
the Floer equation for trajectories is given by

∂u

∂s
+ J

∂u

∂t
= ∇H(u),
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which is furthermore independent of the t-variable. Therefore we must have an S1-action
on the moduli space of trajectories, which however should not provide an extra dimension.
This implies that the S1-action should be trivial and the trajectories should have image
that is the same as the gradient trajectory of H. This then shows that the identity map

CF∗(M ;H; Λk) → CM∗(M ;H; Λk)

is a chain map and is hence a quasi-isomorphism.
However, this is only an intuitive argument and we are lack of a statement that H be

regular. Since this is a special choice we have no way to run genericity arguments, and
the resolution is to consider instead the ordinary equation

∂u

∂s
= ∇H(u)

computing gradient trajectories but with one extra variable, to prove that it’s Fredholm
and regular for generic choice of (H, J), and to compare this operator with our Floer
operator. We will omit all the proof here and refer the reader to [AD14, Chapter 10].

11 Problem. An alternative approach, due to Piunikin-Salamon-Schwarz [PSS96],
is to construct directly a chain map

CF∗(M ;F ; Λk) → CM∗(M ;H; Λk)

for some Floer datum F and some Morse-Smale function H, by counting holomorphic
“spines”, which are unions of a pseudo-holomorphic plane and a gradient trajectory
of H attached to it. Show that this map is a quasi-isomorphism of chain complexes,
and moreover intertwines the pair-of-pants product on Floer cohomology with the
quantum product on Morse cohomology, and therefore establishes the equivalence
between Floer homology and quantum cohomology.

12 Problem. An alternative proof to this Hamiltonian invariance, which also has
close relationship to algebraic K-theory, is to understand all the possible points in this
family of Lagrangian submanifolds where they fail to intersect transversely. This is
Floer’s original proof, where we were able to provide a classification of all the possible
situations. Then we can figure out how chain complexes change for these “elementary
moves”. This bifurcation analysis is related to Whitehead torsions of Floer complexes.
State this result of Sullivan [Sul02] and explain the proof.

(5c) Lagrangian Floer homology. We now turn to the construction of Floer ho-
mology for Lagrangian intersections, which is the key ingredient in the proof of Theorem
5.4.

(5c-i) The action functional and Floer’s equation. For two Lagrangian sub-
manifolds L,K ⊆M intersecting transversely, we consider the path space

P(L,K) = {x ∈ C∞([0, 1],M)|x(0) ∈ L, x(1) ∈ K} ,
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and in order to have a well-defined action functional, for fixed p ∈ L∩K, we look at caps
of the form

Γ(s, t) : [0, 1]× [0, 1] →M, Γ(s, 0) ∈ L, Γ(s, 1) ∈ K, Γ(0, t) = p, Γ(1, t) = x(t),

where Γ1 and Γ2 are homotopic iff there exists a homotopy Γτ of caps connecting Γ1 and
Γ2. We then look at the abelian cover of P(L,K) given by

P̃(L,K) = {(x, [Γ])|Γ is a cap of x} ,

so that the action functional of (x, [Γ]) is given by

A(x, [Γ]) =

∫
[0,1]×[0,1]

Γ∗ω.

This action functional defines a differentiable function on the infinite-dimensional Fréchet
manifold P̃(L,K), and the gradient vector field is given by

∇A = J
dγ

∂t
,

so that the corresponding Floer’s equation is given by

∂u

∂s
+ J

∂u

∂t
= 0

lim
s→+∞

u(s, t) = p+

lim
s→−∞

u(s, t) = p−

u(s, 0) ∈ L, u(s, 1) ∈ K

(6)

Note that
∂u

∂s
+ J

∂u

∂t
= ∂̄Ju, so the Floer’s equation for Lagrangian intersections is just

the non-linear Cauchy-Riemann equation that we have discussed before, with different
domains (a strip with boundary conditions and boundary asymptotics).

The energy of a solution u : R× [0, 1] →M to Floer’s equation is given by

E(u) =

∫
R×[0,1]

|du|2ds dt = 2

∫
R×[0,1]

u∗ω,

and similar arguments as in the Hamiltonian case show that E(u) <∞.

(5c-ii) Grading. As the choice of almost complex structures should not be essential,
we consider one-parameter family of almost complex structures Jt ∈ Jω(M), 0 ≤ t ≤ 1,
and look at the moduli space of trajectories

M̂(p−, [Γ−], p+, [Γ+]; Jt, A) =

{
u : R× [0, 1] →M

∣∣∣∣ ∂su+ Jt∂tu = 0
(6), [Γ−#u#Γ+] = A

}
.

Here u : [0, 1]×R →M pulls back a symplectic vector bundle u∗TM → [0, 1]×R whose
restriction to the boundaries gives a pair of paths of Lagrangian subspaces u(0,−) : R →
LGr(Tp−M) and u(1,−) : R → LGr(Tp−M) which compactifies to a pair of closed paths
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using the asymptotic condition. The index µ(u) is then defined to be the relative Maslov
index of the two paths Lu(0,−) and Lu(1,−), which is the sum of the difference

µ(u) =
∑
s

sgn (Γ(L′
u(1, s), Lu(0, s); s)− Γ(L′

u(0, s), Lu(1, s); s)) .

This provides grading differences between intersection points of L and K, but in general
the grading for Lagrangian submanifolds are more subtle. We follow here the framework
provided by Seidel [Sei00] following an idea of Kontsevich. Given a compact symplectic
manifold (M,ω), we can equip it with a fibre bundle

LGr(M) →M

whose fibre at p ∈ M is the Lagrangian Grassmannian LGr(TpM) of the tangent space
TpM .

36 Exercise. Show that H1(LGr(V );Z) ∼= Z for any symplectic vector space (V, ω).

Proof. First note from universal coefficient theorem [Hat02] that we have a short exact
sequence

0 → hom1(H0(U(n);Z)) → H1(U(n);Z) → hom(H1(U(n);Z),Z) → 0

of Z-modules, and since U(n) is path-connected for all n, we know that H1(U(n);Z) ∼=
hom(H1(U(n);Z),Z). There is a Hurewicz map π1(U(n), 1) → H1(U(n);Z) making
H1(U(n);Z) the abelianization of π1(U(n), 1).

Note that U(n) naturally acts on the space S(V ) of the sphere of unit vectors in the
complex symplectic vector space (V, ω, J), which is surjective and a stabilizer subgroup of
a given unit vector v ∈ S(V ) is isomorphic to U(n− 1). Therefore we have the following
long exact sequence of homotopy groups

→ π2(S(V )) → π1(U(n− 1), 1) → π1(U(n), 1) → π1(S(V ), v) → π0(U(n− 1)) = 0,

where if n ≥ 2 we have π1(S(V )) = π2(S(V )) = 0, and hence π1(U(n), 1) ∼= π1(U(n −
1), 1) ∼= π1(U(1), 1) = Z as U(1) = S1.

We call the corresponding fibrewise generating cohomology class µM ∈ H1(LGr(M);Z)
a Maslov class on M . We want to ask whether for each choice of N ∈ Z, there exists a
Z/NZ-cover LN Gr(M) of LGr(M) so that fibres are LN Gr(TpM), which is a Z/NZ-cover
of LGr(TpM) corresponding to the Maslov class µTpM ∈ H1(LGr(TpM);Z/NZ). When
N = ∞, we customly regard L∞ Gr(TpM) as the Z-cover over LGr(TpM) corresponding
to the Maslov class µTpM ∈ H1(LGr(TpM);Z).
5.20 Proposition. Given a symplectic manifold (M,ω), there exists a Maslov cover
LN Gr(M) if and only if 2c1(M) = 0 in H2(M ;Z/NZ).

We will prove this fact in the next section.
5.21 Definition. A symplectic manifold (M,ω) is called Calabi-Yau if 2c1(M) = 0 in
H2(M ;Z).

Suppose that 2c1(M) = 0 inH2(M ;Z/NZ) so that theN -th Maslov covering LN Gr(M)
exists. A Lagrangian submanifold L ⊆ M induces a natural lift L → LGr(M) mapping
each p ∈ L to TpL ∈ LGr(TpM).
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5.22 Definition. A Lagrangian submanifold i : L ↪→ M is gradable if the lift L →
LGr(M) admits a further lift to ĩ : L → L̃Gr(M), and a choice of such lift is called a
grading of L.

37 Exercise. Show that L is gradable iff the pull-back µL = i∗µM ∈ H1(L;Z) of the
Maslov class µM vanishes.

When µL ̸= 0 we are still able to give a relative grading of a Lagrangian submanifold
L, by considering instead the Z/NZ-cover of LGr(M) so that NµL = 0.
5.23 Definition. We call

NL = min{|µL(γ)| : γ ∈ π1(L, ∗) and µ(γ) ̸= 0}

the minimal Maslov number of L.

(5c-iii) Regularity. The linearized operator Du,J for the Lagrangian Floer equa-
tion is exactly the same as in Section 3 with boundary conditions along the Lagrangian
submanifolds.
5.24 Theorem. Let (M,ω) be a compact symplectic manifold, then the following holds.

(i) The linearized operator

Ds(u,Jt) : TuW
1,p(R×[0, 1],M ; p−, p+;A)×TJt

(
[0, 1]× J ℓ

ω(M)
)
→ Lp(R×[0, 1], u∗TM)

is split surjective.

(ii) For every Jt ∈ Jω(M) ω-compatible and every u ∈ M(p−, [Γ−], p+, [Γ+]; Jt, A),
the linearized operator Du,Jt is Fredholm of index µ(u).

(iii) The projection dπ : TuW
1,p(R × [0, 1],M ; p−, p+;A) × TJt([0, 1] × J ℓ

ω(M)) →
TJt([0, 1]× J ℓ

ω(M)) is Fredholm.

(5c-iv) Compactness. For intersections of Lagrangian submanifolds L and K we
have the following compactness result:
5.25 Theorem. Let {un} be a sequence of Jt-holomorphic strips in M̂(p−, [Γ−], p+, [Γ+]; Jt, A),
then in a possible limit the following situation will arise:

• Bubbles or trees of bubbles appear at some of the interior points in R× [0, 1], just
as what happens in the Uhlenbeck-Gromov compactness theorem.

• The trajectory R × [0, 1] breaks into several pieces, each of which connects a pair
of intersection points with decreasing relative Maslov indices in order.

• A disk bubble appears at one of the boundary components R × {0} or R × {1},
which is a Jt-holomorphic disk with boundary on L or K with exactly one boundary
puncture.

The last situation is essential in that a disk bubble will drop the dimension of the
moduli space by µ(β), which is possible to be 1 even if we assume monotonicity, and
hence will essentially involve in the compactification of moduli space of J-holomorphic
strips of dimension 1. This case is ruled out by the assumption that π2(M,L) = 0 and
π2(M,K) = 0. Note that if K is hamiltonian isotopic to L, then these two assumptions
are equivalent.
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u1 u2

Figure 7: Possible breakings of J-holomorphic strips.

(5c-v) Gluing. Analogous to the Hamiltonian case, we need to understand how
compactified strata are attached to the main stratum.
5.26 Theorem. Suppose π2(M,L) = 0 and π2(M,K) = 0, then for generic choice of Jt,
the moduli space of Jt-holomorphic strips

M(p−, [Γ−], p+, [Γ+]; Jt, A)

of dimension ≤ 1 can be compactified into a smooth manifold with boundary consisting
of broken trajectories

M(p−, [Γ−], p0, [Γ0]; Jt, A)×M(p0, [Γ0], p+, [Γ+]; Jt, A),

where µ(p+, [Γ+])− µ(p0, [Γ0]) = 1 and µ(p0, [Γ0])− µ(p−, [Γ−]) = 1.

(5c-vi) The Floer complex. For a pair of Lagrangian submanifolds L and K
satisfying π2(M,L) = 0 and π2(M,K) = 0, we can define the Lagrangian Floer complex

CF∗(L,K; Jt;Z/2Z) =
⊕
p∈L∩K

ΛZ/2Z⟨p⟩[−µ(p)]

to be the Z-graded Z/2Z-vector space generated by intersection points p ∈ L∩K, where
differentials are given by

∂(p) =
∑

q∈L∩K
µ(q)=µ(p)−1

∑
A∈H2(M,L;Z)

#M(p, [Γ], q, [Γ′]; Jt, A)T
ω(A) · q.

Again ∂2 = 0, so we have the Lagrangian Floer homology

HF∗(L,K; Jt; ΛZ/2Z) = H∗(CF∗(L,K; Jt; ΛZ/2Z), ∂).

(5c-vii) Hamiltonian invariance. The Lagrangian Floer homologyHF∗(L,K; Jt; ΛZ/2Z)
is also independent of the choice of the family of almost complex structures Jt. A similar
argument as in the Hamiltonian case gives the following result, whose proof we omit.
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5.27 Proposition. Let {ϕt} be a Hamiltonian diffeomorphism of M , then there is a
quasi-isomorphism

CF∗(L,K; Jt; ΛZ/2Z) → CF∗(L, ϕ1(K); Jt; ΛZ/2Z).

In particular, we define the self-Floer homology of L to be

CF∗(L,L; Jt; ΛZ/2Z) := CF∗(L, ϕ(L); Jt; ΛZ/2Z)

for some choice of hamiltonian diffeomorphism ϕ such that ϕ(L) is transverse to L.

(5c-viii) Floer homology on cotangent bundles and proof of Arnold’s con-
jecture. To solve the Lagrangian version of Arnold conjecture, we only need to focus on
the Floer complex CF∗(L, ϕ(L); Jt; ΛZ/2Z) for some hamiltonian diffeomorphism ϕ. Note
by Weinstein’s neighbourhood theorem 10 we can identify an open subset of L symplec-
tically with an open subset of L ↪→ T ∗L in the cotangent bundle of L, and for a chosen
Morse function f : L→ R, the Lagrangian isotopy Lt = Γ(tdf) ⊆ T ∗L provides a Hamil-
tonian isotopy sending L to L1 = Γ(df), which intersects transversely with L, and the
intersection points are exactly critical points of f . Our goal is to identify CF∗(L,L1)
homologically with the Morse complex CM∗(L; f), so that the proof follows.

Clearly {Lt} is the image under L of the Hamiltonian H = ρ ·f ◦π where π : T ∗L→ L
is the projection and ρ : T ∗L→ R is a smooth function which is 1 near L and zero away
from an open neighbourhood of L. Let ϕtH be the flow of H, and we consider strips

u(s, t) = ϕtH(γ(s))

for curves γ : R → L on L. Let J ∈ Jω(M) be any ω-compatible almost complex structure
on M whose restriction to an open neighbourhood of L sends TL to T ∗L, and we set
Jt = (ϕtH)

∗J = dϕtH ◦ J ◦ (dϕtH)−1 to be a one-parameter family of ω-compatbile almost
complex structures. Then we have
5.28 Lemma. If γ is a gradient trajectory for f , i.e. γ̇(t) = ∇f(γ(t)), then ∂̄Jtu = 0.

Proof. By definition,
∂u

∂s
= dϕtH(γ̇(s)) = dϕtH(∇f(γ(s))),

while

Jt
∂u

∂t
= Jt ◦ dϕtH (XH(γ(s))) = dϕtH ◦ JXH(γ(s)) = −dϕtH(∇f(γ(s))),

and therefore we have ∂su+ Jt∂tu = 0.

Conversely, suppose that u : R× [0, 1] →M is a Jt-holomorphic strip with boundary
on L and L1, we can consider the modification

ũ(s, t) = ϕ−t
H (u(s, t)),

and we want ũ(s, t) to be constant in t, i.e.
∂ũ

∂t
= 0. Let’s compute that

∂̄J ũ =
∂ũ

∂s
+J

∂ũ

∂t
= dϕ−t

H

∂u

∂s
+Jdϕ−t

H

(
∂u

∂t
−XH(u)

)
= dϕ−t

H

(
∂u

∂s
+ Jt

(
∂u

∂t
−XH(u)

))
,

so ∂̄Jtu = 0 implies that ∂̄J ũ = −Jdϕ−t
H XH(u) = −JXH(ũ) = ∇H(ũ).
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5.29 Proposition. When π2(M,L) = 0, all pseudo-holomorphic strips u : R× [0, 1] →
M with respect to {Jt} are supported in the zero section L.

This Proposition allows us to reduce our discussion completely inside the cotangent
bundle T ∗L.

Proof. From assumptions we have ω(u) = 0 for any u : (D2, S1) → (M,L). Note that ũ
is exactly a disk with boundary on L, so we have

0 = ω(ũ) =

∫
R×[0,1]

ũ∗ω =

∫
R×[0,1]

∣∣∣∣∂ũ∂t
∣∣∣∣2 ds∧dt+∫

R×[0,1]

〈
∂ũ

∂s
,∇H

〉
ds∧dt+

∫
R×[0,1]

|XHt|
2 ds∧dt.

On the other hand, we can compute the geometric energy of ũ as

E(ũ|R× [0, 1]) =
1

2

∫
R×[0,1]

|du−XH ⊗ dt|2ds ∧ dt = ω(ũ) +

∫
R×[0,1]

〈
∂ũ

∂s
,∇H

〉
ds ∧ dt.

Note that ω(ũ) = 0, so that ∫
R×[0,1]

〈
∂ũ

∂s
,∇H

〉
ds ∧ dt ≥ 0.

Therefore we have

0 ≤
∫
R×[0,1]

∣∣∣∣∂ũ∂t
∣∣∣∣2 ds ∧ dt = −

∫
R×[0,1]

〈
∂ũ

∂s
,∇H

〉
ds ∧ dt−

∫
R×S1

|XHt |
2 ds ∧ dt ≤ 0,

so we conclude that
∂ũ

∂t
≡ 0, and hence ũ(R× [0, 1]) ⊆ L.

Proof of Theorem 5.4. Proposition 5.29 implies that all pseudo-holomorphic strips ũ have
image on the zero section with equation

∂ũ

∂s
= ∇H(ũ),

which is exactly the gradient trajectory equation for f on L. Therefore ũ corresponds
to a gradient trajectory γ of f , and we hence obtain a bijective correspondence between
the moduli space of pseudo-holomorphic strips M(p, [Γ], q, [Γ′]; {Jt}, A) and the moduli
space of gradient trajectories M(p, q; f).

13 Problem. A slightly more general situation is when M is monotone and L ⊆M
is also monotone, i.e. we can find a positive constant τ > 0 so that for all disks
u : (D2, S1) → (M,L), we have ω(u) = τµL(u) where µL is the Maslov index on L.
One special case is when M = CP n with standard symplectic structure ωFS and
L = RP n is the real locus of M . Show that for any Hamiltonian diffeomorphism ϕ of
M such that ϕ(L) ∩ L transversely, we have

#(L ∩ ϕ(L)) ≥ n+ 1 =
n∑
i=0

dimHi(RP n;Z/2Z).

Reference: [Oh93b].
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14 Problem. Another situation that is similar is when M = CP n and

L = T n =

(
S1

(
1√
n+ 1

)
× · · · × S1

(
1√
n+ 1

))/
S1 ↪→ S2n+1

/
S1 = CP n

is the famously called Clifford torus. Show that no Hamiltonian diffeomorphism ϕ
of M can separate L from itself. This is called non-displaceability of Lagrangian
submanifolds, which can be obviously detected by Floer cohomology.

As an application, show that given any pairs of orthonormal bases {v1, · · · , vN}
and {w1, · · · , wN} of a unitary vector space (V, ω, J) of dimension N , there exists a
vector x ∈ V such that

⟨x, vi⟩⟨vi, x⟩ = ⟨x,wi⟩⟨wi, x⟩ = 1/N

for all 1 ≤ i ≤ N .
Reference: [Oh93a, Lis26].

15 Problem. Show that for any monotone Lagrangian submanifold L of Cn, we must
have

1 ≤ min{µL(u)|u ∈ π2(M,L), µL(u) > 0} ≤ n.

Reference: [Oh96].

16 Problem. For Lagrangian Floer theory we also have a similar result to Piunikhin-
Salamon-Schwarz. For a monotone Lagrangian submanifold L ⊆ M in a monotone
symplectic manifold, we can define the Lagrangian quantum homology QH∗(L; ΛZ/2)
whose underlying module is C∗(L;Z/2) together with “quantized” product structure,
counting the so-called pearly trajectories. Show that there is an isomorphism

HF∗(L,L; ΛZ/2) ∼= QH∗(L; ΛZ/2).

Reference: [BC09].
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6. Revisit Poincaré-Birkhoff

With Floer homology we should be convinced that Proposition 4.4 is completely resolved,
by considering compactly supported Hamiltonian flow on D∗S1 and computing Floer
homology for this Hamiltonian flow. However, for symplectic manifolds with boundaries
the Floer theory does not trivially work, due to the problem of the possibilities that a
cylinder u : R × S1 → M asymptotic to Hamiltonian orbits of a compactly supported
Hamiltonian flow can possibly “touch the boundary in its interior”, i.e. there might be
(s, θ) ∈ R×S1 where u(s, θ) ∈ ∂M . This is crucial when we want to prove the compactness
result of Floer’s cylinders, while it can be ensured by a variant of the so-called maximum
principle for holomorphic curves in non-compact complex manifolds. We will address
this issue in the first lecture.

Note that we still need to treat with fixed points of symplectomorphisms in π0 Sympc(D∗S1)
and Symp∞(D∗S1). In particular, π0 Sympc(D∗S1) is known to be generated by Dehn
twists τ : D∗S1 → D∗S1 which has have not fixed points away from its interior. Floer’s
original machinery only cares about symplectomorphisms isotopic to identity and has
no implication for non-isotopic ones, while with inspiration from gauge theory, the sub-
sequent work of Dostoglou-Salamon [DS93] established a version of Floer homology for
arbitrary symplectomorphisms, and it was used by Seidel [Sei96, Sei97a, Sei99] to estab-
lish a significant amount of geometric applications. This is now called fixed point Floer
homology which we will investigate in the second lecture and show that Dehn twists and
their deformations must have at least two fixed points.

The final lecture will be devoted to the discussion of the effect of non-compact pertur-
bations of compactly supported Hamiltonian diffeomorphisms. Unlike compactly sup-
ported ones, the continuation map for non-compact Hamiltonian homotopies can be
defined only when the perturbation is “positive”, due to the same maximum principle
problem. Therefore we don’t get a cohomology theory that only depends on the symplec-
tic topology of D∗S1 naively, while we can take limits with respect to the continuation
map in order to get a Hamiltonian perturbation-invariant homology theory, which we call
the symplectic homology. This was originally proposed by Floer and Hofer [FH94] while
its importance was only realized after the famous work of Viterbo [Vit99] who applied
symplectic cohomology theory to resolve Weinstein’s conjecture for Cn and compute sym-
plectic cohomology of cotangent bundles, leading to the famous Viterbo isomorphism
relating symplectic geometry of cotangent bundles to string topology. We will investigate
Viterbo’s work in the next section.

(6a) Maximum principle. Instead of considering moduli space of cylinders in a
compact symplectic manifold, it’s more convenient to look at its completion into a non-
compact symplectic manifold with cylindrical ends.
6.1 Definition. Let (M,λ) be a Liouville domain. The completion of M is the sym-
plectic manifold

M̂ =M ∪∂M (∂M × [1,+∞)) ,

where ∂M × [1,+∞) is equipped with the symplectic form ω̂ = d(rλ|∂M) where r is the
coordinate on [1,+∞). We call symplectic manifolds of this form Liouville manifolds.

Since M is a Liouville domain, the restriction λ|∂M of λ to the boundary ∂M satisfies
λ ∧ (dλ)n−1|∂M > 0, and the restriction of dλ to the hyperplane distribution

ξ = kerλ
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defines a symplectic structure on dλ, so that the system of equations{
λ(R) = 1
R⌟dλ = 0

defines a unique vector field R on ∂M , which we call the Reeb vector field associated
to the 1-form λ. The Reeb vector field R induces a vector field on the cylindrical end
∂M × [1,+∞), which we still denote by R.

6.2 Definition. A dλ-compatible almost complex structure J on M̂ is convex if JZ =
−efR in the cylindrical end, where Z is the Liouville vector field of M and f : ∂M → R
is a smooth function.

Fix τ ∈ R that is not a period of any 1-periodic orbit of R, we choose a Hamiltonian
function Hτ

t : M̂ → R such that in the cylindrical end, we have

Hτ
t (x, r) = τr

when r is sufficiently large.

38 Exercise. Show that XHτ = τR in the cylindrical end.

The curves we are considering are smooth maps u : R × S1 → M̂ satisfying the Floer
equation

∂u

∂s
+ J

(
∂u

∂t
−XHτ (u)

)
= 0

with limits as s→ ±∞ being non-degenerate 1-periodic orbits of Hτ
t .

6.3 Proposition (Maximum Principle). Let u : R × S1 → M̂ be a solution to the Floer
equation with respect to Hτ and a convex almost complex structure J . Then the image
of u cannot intersect with the closed subset M̂∞ = {(x, r) ∈ [0,+∞) | Hτ

t (x, r) = τr}
that contains an interior point.

Proof. We consider the geometric energy of u

EHτ (u|Σ) = 1

2

∫
Σ

|du−XHτ ⊗ dt|2ds ∧ dt

=
1

2

∫
Σ

ω

(
∂u

∂s
, Jt

∂u

∂s

)
+ ω

(
∂u

∂t
−XHτ

t
, Jt

(
∂u

∂t
−XHτ

t

))
,

and let Σ be the intersection of the image of u with M̂∞, so that as ω = dλ is exact, by
Stokes’ theorem and the fact that u satisfies Floer’s equation we have

EHτ
t
(u|Σ) =

∫
∂Σ

u∗λ−
∫
Σ

u∗dHτ
t ∧ dt.

Note that in Σ we have Hτ
t = τr, so that dHτ

t = τdr and hence∫
Σ

u∗dHτ
t ∧ dt = τ

∫
Σ

u∗dr ∧ dt = τ

∫
∂Σ

(r ◦ u)dt = τ

∫
∂Σ

λ(R ◦ u⊗ dt).
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On the other hand, since J is convex, we have λ = −efJ∗dr in the cylindrical end, so
that

EHτ
t
(u|Σ) =

∫
∂Σ

u∗λ− τλ(R ◦ u⊗ dt) =

∫
∂Σ

λ(du− τR⊗ dt)

= −
∫
∂Σ

λ ◦ Jt(du− τR ◦ u⊗ dt) ◦ j = −
∫
∂Σ

efdr(j∗du− τ(R ◦ u)⊗ ds)

= −
∫
∂Σ

efd(r ◦ u) ◦ j.

Note that for any tangent vector ξ ∈ T∂Σ we must have d(r◦u)◦ (jξ) ≥ 0 as jξ is inward
pointing along Σ and r ◦ u achieves global minimum at ∂Σ. Therefore we conclude that

0 ≤ EHτ
t
(u|Σ) = −

∫
∂Σ

efd(r ◦ u) ◦ j ≤ 0,

and hence Σ must be a measure zero set, which means it has to be at most a point.
Elliptiness implies that the set of such points must be discrete.

6.4 Corollary. Gromov compactness for Floer cylinders in M̂ for Hamiltonian func-
tions with compact support holds, i.e. any sequence of Floer cylinders with uniformly
bounded energy has subsequence that converges to only broken trjaectories.

Proof. Convergence is ensured by the maximum principle 6.3, and sphere bubbles will
not appear as ω is exact.

Furthermore, we have
6.5 Proposition. Suppose that {Hτs

t,s}t,s is a one-parameter family of Hamiltonian func-
tions with the given properties, then maximum principle for strips u satisfying Floer’s
equation

∂u

∂s
+ Jt,s

(
∂u

∂t
−XHτs

t,s
(u)

)
= 0

holds when ∂sHτs
t,s ≥ 0 for all s, t in the cylindrical end.

Proof. In this case, the geometric energy is given by

EHτs
t,s
(u|Σ) = −

∫
∂Σ

efd(r ◦ u) ◦ j −
∫
Σ

u∗∂sH
τs
t,sds ∧ dt

where Σ is the part of the strip in the cylindrical end. For maximum principle to hold,
we therefore need the inequality∫

Σ

u∗∂sH
τs
t,sds ∧ dt ≥ −

∫
∂Σ

efd(r ◦ u) ◦ j,

which clearly holds when ∂sHτs
t,s ≥ 0.

6.6 Corollary. The continuation map

cHs,t : CF∗(M̂ ;Hτs
t,0, Jt,0; k) → CF∗(M̂ ;Hτ1

t,1, Jt,1; k)

for a homotopy {Hτs
t,s}t,s can be defined when ∂sHτs

t,s ≥ 0 in the cylindrical end, and it is
independent of the choice of such homotopy.
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In particular, with fixed slope τ smaller than all possible Reeb orbits it does not
matter in the construction of the Floer homology CF∗(H

τ
t , Jt; k) the behaviour of Hτ

t in
the interior, and hence we can suppose that Hτ

t is C2-small in the interior, so that only
1-periodic orbits of Hτ

t are constant orbits. We then have
6.7 Theorem. Let (M,λ) be a Liouville domain, then for any Hamiltonian diffeomor-
phism ϕt : M →M that is time-independent, is C2-small in the interior of M , and equals
ϕtτr in the cylindrical end for r ≫ 0 sufficiently large and some τ smaller than all possible
Reeb orbits, we have quasi-isomoprhism of chain complexes

CF ∗(M ;Hτ
t , Jt; k) ∼= CM∗(M ;Hτ

t ; k).

Therefore we obtain the inquality

#Fix(ϕ1) ≥
2n∑
i=0

dimHi(M ; k).

Proof. The only non-triviality is about the Morse homology on non-compact symplectic
manifolds. Note that the gradient flow of Hτ is always non-zero outside M , so that M
deformation retracts via the reverse gradient flow to a compact CW complex whose CW
homology is isomorphic toH∗(M ; k), and hence we haveH∗(M ; k) ∼= HM∗(M ;Hτ ; k).

6.8 Corollary. Let ϕ be a Hamiltonian diffeomorphism of D∗S1 that equals ϕ1
τr on the

boundary ∂D∗S1 for some τ smaller than all possible Reeb orbits, then we have

#Fix(ϕ) ≥ 2.

Proof. Note that H∗(T
∗S1; k) ∼= H∗(S

1; k) ∼= k⊕2.

(6b) Fixed point Floer homology. For symplectomorphisms not isotopic to iden-
tity, the classical construction of Floer does not apply, though we have an alternative
approach which was originally constructed by Dostoglou-Salamon [DS93] with motiva-
tions from gauge theory. The construction follows the formulation of Topological Field
Theory, where we associate a circle with decoration (S1, ϕ) to a chain complex CF ∗(ϕ),
the fixed-point Floer chain complex, and to Riemann surfaces Σ with boundary com-
ponents ∂−Σ = ⊔i(S1, ϕ−

i ), ∂+Σ = ⊔j(S1, ψ+
j ) we associate a chain map

CF ∗(ϕ+
1 )⊗ · · · ⊗ CF ∗(ϕ+

k ) → CF ∗(ψ−
1 )⊗ · · · ⊗ CF ∗(ψ−

l ).

In this section, we will only establish the chain complex CF ∗(ϕ) and their differentials
d : CF ∗(ϕ) → CF ∗+1(ϕ), and avoid discussion about its algebraic structure.

Let (M,λ) be a Liouville domain with completion M̂ , and let ϕ ∈ Symp(M) be an
exact symplectomorphism. We define the mapping circle of ϕ to be the quotient space

Sϕ(M) =
M × [0, 1]

(x, 1) ∼ (ϕ(x), 0)
,

which is naturally a symplectic fibre bundle over S1 with monodromy ϕ. The fibre bundle
structure π : Sϕ(M) → S1 induces a symplectic hyperplane distribution

ξϕ := ker(dπ),

with symplectic structure induced from that of M via the projection M × [0, 1] → M
and the fact that ϕ preserves the symplectic structure. Write dθ to be the closed 1-form
pull-back via π.
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6.9 Definition. The Reeb vector field on Sϕ(M) is a vector field R on Sϕ(M) such
that dθ(R) = 1 and R⌟ωϕ = 0 where ωϕ = (M × [0, 1] → M)∗ω is the pull-back 2-form
on Sϕ(M).

39 Exercise. Show that the Reeb vector field R on Sϕ(M) is unique.

Proof. As ωϕ is non-degenerate on ξϕ, by choosing a connection on Sϕ(M) we have a
splitting TSϕ(M) = ξϕ ⊕ L for some line distribution L, and under this splitting we
can write R = Rv + Rh where Rv ∈ ξϕ and Rh ∈ L. R⌟ωϕ = 0 implies that Rv = 0,
and dθ(R) = 1 uniquely determines Rh, so that R is uniquely determined by the given
equations.

We would also like to perturb the Reeb vector field R to achieve some non-degeneracy.
An admissible Hamiltonian is an S1-family of smooth functions {Hθ : M → R}θ∈S1 such
that Hθ(r, x) = τθr for some constant τθ near the boundary of M . We can then define
the hamiltonian vector field XHθ

of Hθ by the equation

dθ(XHθ
) = Hθ, XHθ

⌟ωϕ = 0.

As in usual Hamiltonian Floer theory, we consider the twisted loop space

Lϕ(M̂) :=
{
γ : R → M̂

∣∣∣ γ(t+ 1) = ϕ(γ(t))
}
,

with action functional defined by

A(γ) = −
∫ 1

0

γ∗λ−
∫ 1

0

Hθ(γ(t))dt− Fθ(γ(1)),

where ϕ∗λ − λ = dFθ. Critical points of A corresponds exactly to twisted loops γ that
satisfy the Hamiltonian equation

P(ϕ,Hθ) = {γ̇ = XHθ
(γ)}.

We say a twisted Hamiltonian loop γ is non-degenerate if

det(dϕ ◦ dϕ1
H − Id) ̸= 0

at Tγ(1)M̂ , and a twisted Hamiltonian {Hθ} non-degenerate if all its twisted Hamiltonian
loops are non-degenerate.

In order to construct Floer cochain, we also pick a smooth 1-parameter family of
ω-compatible almost complex structure {Jt} ∈ Jϕ(M̂) that are convex in the cylindrical
end and ϕ-periodic in the sense that ϕ∗Jt+1 = Jt for all t ∈ R. We call the pair (Ht, Jt)
a Floer datum for ϕ.

The distribution ξϕ ⊆ T (Sϕ(M)) defines a symplectic subbundle, so that with the
choice of complex structure Jt we are able to regard ξϕ as a complex vector bundle over
S1.

40 Exercise. Show that any complex vector bundle E → S1 over S1 is trivial.
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Proof. We pick a CW structure on S1 as follows: vertices {0, 1/2} where we identify
S1 = [0, 1]/{0, 1}; edges (0, 1/2) and (1/2, 1). To get a trivialization of E over S1, we
can first identify E|0,1/2 ∼= Cr arbitrarily, and then trivialize E|[0,1/2] and E|[1/2,1] so
that restricting the identification E|[a,b] ∼= [a, b] × Cr to E|0 coincides with the chosen
trivialization. We then need to construct a family of matrices in GL(n,C) that connects
the transition map at 1/2 to the identity, which is possible as GL(n,C) is connected.

For a twisted hamiltonian loop γ : R → M̂ , the pull-back γ∗ξϕ carries a natural symplectic
connection given by differential of the hamiltonian flow dϕtHt

, and under a trivialization
γ∗ξϕ ∼= S1×Cn we can identify dϕtHt

with a family of symplectic matrices {St}t∈S1 , so that
the Conley-Zehnder index µCZ(γ) of γ is defined. However, we still need to understand
whether this index depends on the choice of trivialization or not.

In order to avoid all the possible choices, we consider the Lagrangian Grassmannian
bundle LGr(M) from section (5c-ii). Recall that the action of Sp(V ) on LGr(V ) is
transitive with stabilizer subgroup St(V ), so that we can regard LGr(M) as the associated
bundle of the principal Sp(2n)-bundle

Sp(M) →M

under the standard action Sp(V ) ↷ LGr(V ). Recall that LGr(V ) has a natural Z/NZ-
covering LN Gr(V ) → LGr(V ) classified by the Maslov class µV ∈ H1(LGr(V );Z/NZ) ∼=
Z/NZ, and we have an identification of LGr(V ) with the homogeneous space Sp(V )/St(V ).
Pick a compatible almost complex structure J , so that we can further reduce Sp(V ) to
U(V, J), and we can find that

St(V ) ∩ U(V, J) = O(n)

is the orthogonal group acting on the chosen Lagrangian subspace V0.

41 Exercise. The determinant map det : Sp(2n) → S1 induces an isomorphism of
groups

det2∗ : π1(LGr(V ), L0)
∼=−→ S1

via squares of determinants. In particular, the action map Sp(V ) → LGr(V ) given by
S 7→ S(L0) induces a group homomorphism Z ∼= π1(Sp(V ), 1) → π1(LGr(V ), L0) ∼= Z
given by multiplication by 2.

Proof. The fibre bundle structureO(n) → U(n) → LGr(V ) induces a long exact sequence
of homotopy groups

· · · → π1(O(n)) → π1(U(n)) → π1(LGr(V )) → π0(O(n)) → π0(U(n)) → · · ·

where π0(U(n)) = 1 is trivial, π1(O(n)) = 1 when n = 1, Z/2Z when n ≥ 3, and Z when
n = 2, and π1(U(n)) ∼= Z. In any case, we obtain an exact sequence

· · · → π1(O(n)) → Z → π1(LGr(V )) → Z/2Z → 1.

On the other hand, the determinant map det : U(n) → S1 induces a fibre bundle SU(n)×
Z/2Z → U(n)

det2−−→ S1, so that we get a long exact sequence of homotopy groups

· · · → π1(SU(n)×Z/2Z) → π1(U(n))
det∗−−→ π1(S1) → π0(SU(n)×Z/2Z) → π0(U(n)) → · · ·
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Knowing that SU(n) is simply connected, we have π0(SU(n)) = π1(SU(n)) = 1, and so
we get another exact sequence

1 → π1(U(n))
det2−−→ π1(S1) → Z/2Z → 1.

From the comparison commutative diagram

· · · π1(O(n), 1) π1(U(n), 1) π1(LGr(V ), L0) Z/2Z 1

1 π1(U(n), 1) π1(S1, 1) Z/2Z 1

det2

det2

we see that the middle morphism det2 : π1(LGr(V ), L0) → π1(S1, 1) ∼= Z is an isomor-
phism, so that the quotient map U(n) → LGr(V ) is multiplication by 2 on the level of
fundamental groups.

In particular, using H1(G;Z/NZ) ∼= hom(π1(G),Z/NZ) we see that the action pull-back
H1(LGr(V );Z/NZ) → H1(Sp(V );Z/NZ) maps the Maslov class µV to 2δV . Therefore
the symplectic group Sp(V ) has a Z/NZ-covering SpN(V ) → Sp(V ) corresponding to the
generator 2δV ∈ H1(Sp(V );Z/NZ) ∼= Z/NZ, which is also called the Maslov covering of
Sp(V ), so that the action of Sp(V ) on LGr(V ) lifts to an action of SpN(V ) on LN Gr(V ).

Now let’s globalize the procedure. For a symplectic manifold (M,ω), we ask when
Sp(M) admits the Z/NZ-covering SpN(M) → Sp(M) with fibre SpN(TpM). Note that
this question is equivalent to the existence of the N -th Maslov cover LN Gr(M) →
LGr(M).

Proof of Proposition 5.20. The fibre bundle structure

1 → Z/NZ → SpN(V ) → Sp(V ) → 1

induces an exact sequence of nonabelian cohomology groups

0 → H1(M ;Z/NZ) → H1(M ; SpN(V )) → H1(M ; Sp(V ))
d−→ H2(M ;Z/NZ),

where SpN(M) is classified by the Čech cohomology classes in H1(M ; SpN(V )) which
restricts to a Čech cohomology class in H1(M ; Sp(V )) that classifies Sp(M) → M ,
which are equivalent to U(n)-principal bundles and hence the map H1(M ; Sp(2n)) →
H2(M ;Z/NZ) has image given by the first Chern class c1(M,ω). Now the result fol-
lows.

42 Exercise. Consider the Liouville manifold (T ∗S1, λtau). Show that c1(T ∗S1) = 0.

Note that 2c1(M) = 0 always holds when N = 2, so that the Maslov covering L2Gr(M)
of M always exists. Suppose that M admits an N -fold Maslov cover LN Gr(M), and let
γ : R → Sϕ(M) be a non-degenerate twisted Hamiltonian loop, then we have ϕ−1(γ(1)) =
γ(0) and hence dϕ−1 ◦ dϕ1

Ht
|γ(0) lifts to an element in SpN(Tγ(0)M). Consider a path

(Φ, Φ̃) : [0, 1] → SpN(Tγ(0)M) connecting (Id, ρ(k)) for some Deck transform ρ(k) to dϕ−1◦
dϕ1

Ht
|γ(0), we then define its absolute Conley-Zehnder index to be

µCZ(γ) = µCZ(Φ, Φ̃) = µCZ(Φ) + k ∈ Z/NZ.
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It’s not difficult to see that this index does not depend on all the choices.
Now we are able to define the fixed point Floer chain complex CF ∗(ϕ;Ht, Jt; k)

associated to a given Floer datum to be the graded k-module

CF∗(ϕ;Ht, Jt; k) =
⊕

γ∈P(ϕ,Ht)

k[µCZ(γ)− n],

and we need to construct the differential ∂ : CF∗(ϕ;Ht, Jt; k) → CF∗−1(ϕ;Ht, Jt; k) to
finish the construction.

Given twisted Hamiltonian loops γ± ∈ P(ϕ,Ht), we count gradient flows connecting
these two loops, which can be translated into a smooth map u : R × R → M̂ such that
u(s, t+ 1) = ϕ(u(s, t)) satisfying Floer’s equation

∂u

∂s
+ Jt

(
∂u

∂t
−XHt(u)

)
= 0

with limits as s → ±∞ being γ±. This is equivalent to twisted Jt-holomorphic sections
of a fibre bundle C∗

ϕ(M) → C∗ over C∗ with fibre M , and so the maximum principle 6.3
still holds. With standard elliptic theory we also know that the space of regular Floer
data (Ht, Jt) is residual, where the dimension of the moduli space M(γ−, γ+;Ht, Jt) of
such gradient trajectories is given by µCZ(γ−)− µCZ(γ+)− 1.

We define the differential ∂ : CF∗(ϕ;Ht, Jt; k) → CF∗−1(ϕ;Ht, Jt; k) by

∂(γ−) =
∑

γ+∈P(ϕ,Ht)

#M(γ−, γ+;Ht, Jt) · γ+,

where M(γ−, γ+;Ht, Jt) is the moduli space of Floer trajectories connecting γ− and γ+,
and the count is zero if µCZ(γ−)− µCZ(γ+) ̸= 1. Standard gluing argument implies that
∂2 = 0, so that we have a well-defined chain complex CF ∗(ϕ;Ht, Jt; k), and we define the
fixed point Floer homology HF ∗(ϕ;Ht, Jt; k) to be the homology of this chain complex.
6.10 Proposition. Let ϕ0 and ϕ1 be exact symplectomorphisms on a Liouville manifold
(M̂, λ) that are equal to a Reeb flow ϕaR for some a ∈ R in the cylindrical end, such that
ϕ1 = ϕ1

H ◦ ϕ0 for some Hamiltonian diffeomorphism ϕ1
H supported in the interior of M ,

and let (H0, J0) and (H1, J1) be Floer data for ϕ0 and ϕ1 respectively such that H0 = H1

in a cylindrical end of M̂ , then there is a canonical quasi-isomorphism

CF∗(ϕ
0;H0, J0; k) ∼= CF∗(ϕ

1;H1, J1; k).

Therefore the fixed-point Floer homology HF ∗(ϕ;Ht, Jt; k) of an exact symplectomor-
phism ϕ does not depend on the Hamiltonian isotopy class of ϕ and the choice of Floer
data.

The remaining of this section is devoted to a computation of the fixed-point Floer
homology of the Dehn twist τ : T ∗S1 → T ∗S1 with a small Reeb perturbation near infinity.
Recall that with the identification D∗S1 ∼= S1 × [−1, 1], the Dehn twist τ is given by

τ(θ, r) = (θ + πr, r),

so that τ has no fixed points in the interior of D∗S1 but is identity near the boundary
∂D∗S1 = S1 × S0. τ does not extend smoothly to a symplectomorphism of T ∗S1 by
identities, but we can perturb τ to be smooth as follows: let ψ ∈ C∞(R) be a smooth
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function such that ψ(r) = −1 when r ≤ −1, ψ(r) = 1 when r ≥ 1, and ψ′(r) > 0 for
r ∈ (−1, 1), and consider the perturbed Dehn twist

τψ(θ, r) = (θ + πψ(r), r).

We will consider the fixed-point Floer homology of the composition ϕεR ◦ τψ, where ϕεR
is the Reeb flow near the cylindrical end of T ∗S1, for some small ε > 0 that is smaller
than the smallest period of R. This Reeb flow ϕεR is the Hamiltonian time-1 flow of the
function H : T ∗S1 → R such that H = 0 in a precompact subset of the interior of D∗S1,
depending only on r, monotone increasing, C2-small, and such that H(θ, r) = ε|r| for
|r| ≫ 0.
6.11 Theorem. Under this situation, the fixed-point Floer homology of τψ is given by

HF∗(τψ;Ht, Jt; k) ∼= H∗(S1; k)⊕2,

as k-modules.
As fixed-point Floer homology is Hamiltonian invariant, this provides us a complete

estimation of fixed points of any exact symplectomorphism of T ∗S1 that is close to Id
near the cylindrical end.
6.12 Corollary. Any exact symplectomorphism of T ∗S1 that equals ϕεR in the cylin-
drical end has at least 2 fixed points.

Proof of Theorem 6.11. We use the Hamiltonian flow ϕεR described above to perturb τψ
so that fixed points of τψ are all non-degenerate. Let’s first show the following:
6.13 Lemma. Suppose that ϕ : Rn ⊇ U → V ⊆ Rn is a diffeomorphism from a precom-
pact open set U to another open set V that is sufficiently close to Id: there exists a metric
g on Rn so that

sup
x∈U

g(ϕ(x), x)

is sufficiently small, then for each point x ∈ U , the germ ϕx is smoothly isotopic to Idx.

Proof. The silly isotopy ϕt(p) := tϕ(p)+(1−t)p will define a smooth isotopy from Id to ϕ,
and the norm bound ensures that for each t ϕt defines a diffeomorphism, after shrinking
the open set U if necessary.

The Dehn twist τψ equals Id near the cylindrical end S1×{−1, 1}× [0,∞), so that we
can find δ > 0 so that τψ is sufficiently close to Id in the region S1 × {−1, 1} × [−δ,∞).
The restriction of τψ to S1 × {−1, 1} × (−δ,∞) is then smoothly isotopic to identity.

With this setting, with a similar argument as in Proposition 5.19 implies that for C2-
small Hamiltonian perturbation H with given behaviour at inifnity that gives the Reeb
flow ϕεR, all twisted Hamiltonian loops of τψ are constant loops, i.e. critical points of
H. Therefore we have a chain-level identification CF∗(τψ;Ht, Jt; k) ∼= CM∗(S1; k)⊕2. To
identify their differentials, we need to understand twisted strips u : R × R → T ∗S1 that
are asymptotic to these constant loops. Note that the symplectic area of any strip u is
given by

ω(u) =

∫
R×[0,1]

u∗ω =

∫
R
λ

(
∂u

∂t

)∣∣∣∣
t=1

− λ

(
∂u

∂t

)∣∣∣∣
t=0

ds

=

∫
R
(ϕ∗λ− λ)(∂tu)ds = Fτ (γ+)− Fτ (γ−) = 0,
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hence with a similar argument as in Proposition 5.29 we conclude that ∂tu ≡ 0, which
implies that u has to be a gradient flow line of ∇H, and hence we have

HF∗(τψ;Ht, Jt; k) ∼= H∗(Fix(τψ); k) ∼= H∗(S1; k)⊕2.

17 Problem. Fixed point Floer homology can be applied to understand exotic sym-
plectomorphisms, i.e. symplectomorphisms that are smooth but not symplectically
isotopic to the identity. For example, Seidel in his thesis [Sei97b] showed that for
every two-dimensional complete intersection other than CP 2 and CP 1 × CP 1 there
exists such an exotic symplectomorphism. What is that and how he proved it? State
the construction and sketch the ideas.

References: [Sei08].

(6c) Understanding wrappings. The final part of this section is to understand
how the Floer cohomology changes when the perturbation near infinity is large.

More precisely, for a given Liouville domain (M,λ), we look at Hamiltonian functions
Hτ
t : M̂ → R such that

• Ht is C2-small in the interior of the Liouville domain M ;

• Ht = τr in the cylindrical end ∂M × [0,∞)r for r ≫ 0 and some positive constant
τ > 0 avoiding period of the Reeb flow on ∂M ;

• ∂rHt > 0 in the cylindrical end.

We want to understand the behaviour of Floer cohomologies HF∗(ϕ
1
Ht

◦ψ; Jt; k) where ψ
is a given compactly supported symplectomorphism. The maximal principle 6.5 implies
that if Hτ1

t ⪯ Hτ2
t , then there is a natural continuation map

CF∗(ϕ
1
H

τ1
t
◦ ψ; Jt; k) → CF∗(ϕ

1
H

τ2
t
◦ ψ; Jt; k),

which not necessarily induces an isomorphism on homology. However, we will show that
CF∗(ϕHτ

t
◦ ϕ; Jt; k) behaves like “persistent complex” with respect to the slope τ .

6.14 Proposition. Given τ and ε > 0 sufficiently small, the continuation map

cε : CF∗(ϕHτ
t
◦ ψ; Jt; k) → CF∗(ϕHτ+ε

t
◦ ψ; Jt; k)

is a quasi-isomorphism.

Proof. Suppose that ε > 0 is such that there is no Reeb orbit of period in the interval
[τ, τ + ε], and in this situation we see that the generators of CF∗(ϕHτ

t
◦ ψ; Jt; k) and

CF∗(ϕHτ+ε
t

◦ ψ; Jt; k) are the same, and so we expect the continuation map to be an
identity map away from the interior of M .

To see this, recall that the energy of a continuation strip u is given by

EHτs
t,s
(u) = AH

τ+
t,s
(γ+)−AH

τ−
t,s
(γ−)−

∫
R×[0,1]

u∗∂sH
τs
t,sds ∧ dt,

so we must have the inequality

AH
τ+
t,s
(γ+)−AH

τ−
t,s
(γ−) ≥

∫
R×[0,1]

u∗∂sH
τs
t,sds ∧ dt ≥ 0.
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Therefore we must have AH
τ+
t,s
(γ+) ≥ AH

τ−
t,s
(γ−), and hence the image of the continuation

map must be twisted Reeb orbits of increasing action.
Let’s look at the particular case when γ− and γ+ are twisted Reeb orbits connected by

a continuous family of twisted Reeb orbits {γα+} of increasing slope, then we can consider
the moduli space of Floer cylinders

M(γ−, γ
α
+; Jt, H

α
s,t) = {(u, α)|u ∈ M(γ−, γ

α
+; Jt, H

α
s,t), α ∈ [0, 1]}

which is a smooth manifold with boundary for generic choices of Floer data and the
path {Hα

s,t}. Note that the possible boundary strata of M(γ−, γ
α
+; Jt, H

α
s,t) are given by

α ∈ {0, 1} or horizontal compactifications via Gromov-Uhlenbeck compactness, which
we see from exactness of M̂ that this cannot happen. Therefore the signed count of
M(γ−, γ

1
+; Jt, H

1
s,t) and M(γ−, γ

0
+; Jt, H

0
s,t) are the same, while when α = 0 we have

H0
s,t = Hτ

s,t and so
EH0

t,s
(u) = AHτ

t,s
(γ0+)−AHτ

t,s
(γ−) = 0,

implying that u has to be a constant strip. Therefore we see that the continuation map
must satisfy cε(γ−) = γ1+ for all twisted Reeb orbits γ−.

These twisted Hamiltonian orbits are actually canonically identified via homotopies
of paths, and so we can identify the chain complexes CF∗(ϕHτ

t
◦ ψ; Jt; k) ∼= CF∗(ϕHτ+ε

t
◦

ψ; Jt; k), so that cε is represented by a matrix which is identity along the diagonal, with
⟨cε(γ−), γ+⟩ = 0 when A(γ−) ≤ A(γ+) and γ− ̸= γ+. This implies that cε is upper-
triangular when restricted to twisted Reeb orbits. On the other hand, as compactly
supported perturbation does not affect Floer chain complex, we can a priori assume that
Ht is a constant C2-small Morse function in the interior of M , so that cε is identity on
interior critical points/twisted Hamiltonian loops, and therefore cε is an isomorphism of
chain complexes.

Therefore the continuation map cε fails to be an isomorphism only when [τ, τ + ε]
contains a period of the Reeb flow. In this case, the Hamiltonian Floer homology
HF∗(ϕHτ

t
◦ ψ; Jt; k) does depend on the choice of the non-compactly supported Hamilto-

nian diffeomorphism, but we can form an inductive limit

SC∗(ψ; Jt; k) = hocolim
τ→∞

CF∗(ϕHτ
t
◦ ψ; Jt; k),

where the diagram of Floer chain complexes are provided by the continuation map cτs
for some family τs. This is called the symplectic chain complex of ψ, and its homology
SH∗(ψ; Jt; k) is called the symplectic homology of ψ. This homology group is now
independent of the choice of Hamiltonian perturbation and is hence an invariant of ψ.
When ψ = Id, we simply write SH∗(Id; k) = SH∗(M̂ ; k), which is an invariant of M̂ .

(6d) Weinstein conjecture and symplectic homology. One application of sym-
plectic homology is to show Weinstein’s conjecture in certain cases. We will start with
a brief introduction to this conjecture. Recall that a distribution ξ ⊆ TY on a smooth
manifold Y is called integrable if [ξ, ξ] ⊆ ξ, in which case they are tangent spaces to
a family of smooth submanifolds of Y that exhaust Y . Any such distribution can be
written locally as kernels of a tuple of differential 1-forms, i.e. ξ|U = kerα1 ∩ · · · ∩ kerαk
for some local coordinate chart U and some 1-forms α1, . . . , αk on U . In particular, if ξ is
a hyperplane distribution, then locally ξ = kerα for some 1-form α. The Frobenius theo-
rem states that ξ is integrable if and only if locally for any defining 1-form α, α∧dα = 0.
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Conversely, we can use the rank of α∧ dα to describe the non-integrability of ξ. ξ is said
to be maximally non-integrable if α ∧ dα has maximal possible rank, and when Y has
odd dimension, this is equivalent to α ∧ (dα)n being a volume form on Y .
6.15 Definition. Let Y be a smooth manifold. A hyperplane distribution ξ ⊆ TY is
called a contact structure if ξ is maximally non-integrable. ξ is co-orientable if there
is a global defining 1-form α such that ξ = kerα. In this case, α is called a contact form
for ξ. We refer to (Y, ξ) as a contact manifold.

43 Exercise. Show that for a contact manifold (Y, ξ) and a contact 1-form α, dα|ξ
is a non-degenerate 2-form on ξ.

44 Exercise. Let (M,λ) be a Liouville domain, then (∂M, λ|∂M) defines a contact
manifold with the restriction of λ a contact 1-form.

Similar to mapping torus, we can define the Reeb vector field R associated to a contact
form α to be the unique vector field on Y satisfying{

α(R) = 1,
dα(·, R)|ξ = 0.

A simple closed curve γ : [0, T ] → Y is called a Reeb orbit if γ̇(t) = R(γ(t)) for all
t ∈ [0, T ]. Note that when Y = ∂M is a boundary of some Liouville manifold (M,λ),
where the contact 1-form is given by α = λ|∂M , then a Reeb orbit of α is the same as a
Hamiltonian orbit of the Hamiltonian function H : M̂ → R in the cylindrical end, where
H = r2 near the cylindrical end.
6.16 Conjecture (Weinstein). Let (Y, ξ) be a closed contact manifold and α a contact
1-form on Y , then α has at least one Reeb orbit.

Suppose that (Y, α) admits a Liouville filling (M,λ), let’s explain how symplectic
homology helps us with Weinstein’s conjecture. When we say (Y, α) admits a Liouville
filling (M,λ), we mean M is a Liouville domain where Y = ∂M is the boundary of M ,
and α = λ|∂M is the restriction of the Liouville 1-form. The symplectic chain complex
SC∗(M̂ ; k) is generated by Hamiltonian orbits of an increasing sequence of Hamiltonian
functions Hτ

t : M̂ → R whose Hamiltonian vector field coincides with some scalar multi-
ples of the Reeb vector field in the cylindrical end, so that it roughly consists of Morse
critical points of a Morse function on M̂ together with Reeb orbits of the contact bound-
ary ∂M . By taking the slope of Hτ

t to be close to 0, we see a continuation map

H∗(M ; k) ∼= HM∗(H
τ
t ; k)

c0,∞−−→ SH∗(M̂ ; k),

coming from composition of any cε,τ : HF∗(ϕHε
t
; k) → HF∗(ϕHτ

t
; k) with the colimit map

HF∗(ϕHτ
t
; k) → SH∗(M̂ ; k). If c0,∞ fails to be an isomorphism, then there must be non-

trivial Reeb orbit of λ|∂M that contributes to the failure of c0,∞ to be an isomorphism.
We therefore get the following algebraic criterion for Weinstein conjecture:
6.17 Conjecture (Algebraic Weinstein Conjecture). Let (M,λ) be a Liouville domain,
then the continuation map c0,∞ : H∗(M ; k) → SH∗(M̂ ; k) is not an isomorphism.
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Let’s end this section with a proof of conjecture 6.17 in the case when Y is the
boundary of (Cn, λstd), the symplectic vector space regarded as a Liouville manifold,

where the Liouville 1-form is given by λstd =
1

2

n∑
i=1

(xidyi − yidxi).

6.18 Remark. It does not really matter which Liouville 1-form we choose on (Cn, ωstd),
as they’re all Liouville homotopic to each other, i.e. there is a piecewise smooth family
of Liouville 1-forms {λt} that connects given Liouville 1-forms on Cn, so that zeroes of
λt all lie inside a given compact subset, and when such Liouville homotopy exists, their
symplectic homologies are quasi-isomorphic, and hence the result applies to all convex
contact hypersurfaces in Cn.
6.19 Theorem (Floer-Hofer-Wysocki). SH∗(Cn; k) = 0, and hence Weinstein’s conjec-
ture holds for all convex contact hypersurfaces in Cn.

Proof. Consider the Hamiltonian function Hτ (z) =
τ

2
|z|2 = τ

n∑
i=1

|zi|2, so we can compute

that

XHτ (z) = τ
n∑
i=1

∂

∂θi
,

where ∂θi is the rotation vector field in the i-th complex coordinate. Integral curve of
XHτ is then given by

z(t) = (z1e
iτt, . . . , zne

iτt),

which forms an orbit only when τ ∈ 2πZ or z1 = · · · = zn = 0. Therefore for τ ∈ R>0 \Z,
the Floer chain complex

CF∗(H
τ ; k) ∼= k

consists of the constant orbit z(t) ≡ 0, where the family of symplectic matrices linearizing
ϕtHτ looks like

dϕtHτ (0) =


eiτt 0 · · · 0
0 eiτt · · · 0
...

... . . . ...
0 0 · · · eiτt

 ,

so for k ≤ τ < k + 1, the Conley-Zehnder index of the constant orbit zτ (t) is

µCZ(zτ ) = 2
n∑
i=1

⌊ τ
2π

⌋
+ n = 2nk + n.

On the other hand, continuation maps have degree 0, and therefore in the homotopy
colimit all such orbits should disappear, and we conclude that SH∗(H

τ ; k) = 0.

18 Problem. The symplectic homology of a Liouville domain (M,ω) also satisfies
Künneth formula. Show that for Liouville domains (M1, ω1) and (M2, ω2), there is a
quasi-isomorphism

SC∗(M1 ×M2; k) ≃ SC∗(M1; k)⊗ SC∗(M2; k).
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References: [Oan06].

19 Problem. One can use symplectic homology to detect symplectomorphism types
of Liouville manifolds, or more specifically Stein manifolds, which are holomorphic
manifolds that form a specific class of Liouville manifolds. Consider the complex
hypersurface V = {x7+y2+z2+w2 = 0} ⊆ C4 and a smooth point p = (0, 0, 1, i) ∈ V .
Let H be the blow-up of C4 along p and let X = H \ V prop be the complement of the
proper transform of V . Show that SH∗(X) ̸= 0, so that X is diffeomorphic but not
symplectomorphic to Cn.

Actually there exists an infinite family of such examples in any dimension. What
are they?

Reference: [McL09].

20 Problem. Symplectic homology can also be used to detect the affineness of Stein
manifolds. Consider cotangent bundles T ∗M where M is closed. If M is a surface
of genus g ≥ 2, or a manifold with fundamental group that is the free product of at
least three non-trivial groups, show that T ∗M is not symplectomorphic to any smooth
affine variety.

Reference: [McL12].
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